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♣ Section 1. ෮श : ղੳྗֶ
—————————————————————————
♦ 1.1. ൚ؔ਺ͷม෼ͱۃ஋

ઢۭؒܗ V ʹରͯ͠ v∈V ͷϊϧϜ (norm)ͱݺ͹ΕΔҎԼΛຬͨ͢ ∥v∥͕ଘ͢ࡏΔͱ͖, V ΛઢܗϊϧϜۭؒͱݺͿ.*1

1) ∥v∥≥0͕੒Γཱͪ, v=0 ⇔ ∥v∥=0Ͱ͋Δ. 2) ∥αv∥=α∥v∥ 3) ∥v+w∥≤∥v∥+∥w∥ (α∈K, v, w∈V )

v ͱ w ͷؒͷڑ཭Λ ∥v−w∥ͰఆΊΕ͹, ઢܗϊϧϜۭؒ͸ڑ཭ۭؒͱͳΔ.

͜͜Ͱ, ؔ਺Λݩͱ͢ΔઢܗϊϧϜۭؒΛؔ਺ۭؒ (function space)ͱݺͿ. *2

ؔ਺ۭؒ C : ؔ਺ͷઈର஋ͷ࠷େ஋ΛϊϧϜͱ͢Δ. ͢ͳΘͪ, ∥y∥0 ≡ max
a≤x≤b

∥y(x)∥.

ؔ਺ۭؒ D1 : ؔ਺ͷϊϧϜΛ࣍ͷΑ͏ʹఆΊΔ. ∥y∥1 ≡ max
a≤x≤b

∥y(x)∥+ max
a≤x≤b

∥y′(x)∥.

ؔ਺ۭؒ Dn : ؔ਺ͷϊϧϜΛ࣍ͷΑ͏ʹఆΊΔ. ∥y∥n ≡
n∑

k=0

max
a≤x≤b

∥y(k)(x)∥.

Ҭ͕ؔ਺ۭؒͰ͋Δࣸ૾Λ൚ؔ਺࢝ (functional)ͱݺͼ, ࿈ଓ͔ͭઢܗͰ͋Δ൚ؔ਺Λ (࿈ଓͳ)ઢܗ൚ؔ਺ͱݺͿ.

͕ͨͬͯ͋͠Δ൚ؔ਺ʹରͯ͠࡞ૢݶۃͳͲΛѻ͏ͨΊʹ͸, ͦΕʹԠͯ͡ద౰ͳؔ਺ۭؒΛબ΂͹Α͍.

(ͨͱ͑͹, J [y] =
∫ b

a
F (x, y, y′)dxͰ͋ΔͳΒ͹ؔ਺ۭؒ D1.)

͜͜Ͱ, Ұൠʹ൚ؔ਺ J [y] ʹରͯ͠ ∆J [h] ≡ J [y + h] − J [y] ͸ڐ༰ؔ਺ h(x) ͷඇઢܗ൚ؔ਺Ͱ͋Γ, ͜ͷओઢ߲ܗ (͢ͳΘͪ,

∆J [h]ͱ ∥h∥ʹؔͯ͠ߴʑ ൚ؔ਺)δJܗখ͔͠཭Ε͍ͯͳ͍ઢݶͷແ࣍1 [h]Λ J [h]ͷม෼ (variation)ͱݺͿ. *3

൚ؔ਺ͷม෼͸ҰҙͰ͋Δ.
—————————————————————————————————————————————————————————–

·ͣ, δJ [h]͕ઢܗ൚ؔ਺Ͱ͋Δ͜ͱ͔Β, lim
∥h∥→0

δJ [h]
∥h∥ = 0ͳΒ͹, δJ [h] = 0ͱͳΔ.

,ࡍ࣮ ͋Δ h0 ̸= 0ʹରͯ͠ δJ [h0] ̸= 0Ͱ͋ΔͳΒ͹, hn ≡ h0

n
,
δJ [h0]
∥h0∥

≡ λͱ͓͚͹, lim
n→∞

δJ [hn]
∥hn∥

= lim
n→∞

(
δJ [h0]

n
· n
∥h0∥

)
=

λ ̸= 0ͱͳΓ, ର͕ࣔ͞ۮΕΔ.

͜͜Ͱ, ∆J [h]͕ҎԼͷ 2௨ΓͰදͤΔ΋ͷͱ͢Δ.

∆J [h] = ϕ1[h] + ε1∥h∥, ∆J [h] = ϕ2[h] + ε2∥h∥ (ϕ1,ϕ2 ͸ J [h]ͷม෼.)

͕ͨͬͯ͠, ϕ1[h] − ϕ2[h] = ε2∥h∥ − ε1∥h∥ ͸ h ʑߴͯؔ͠ʹ 1 ,খͱͳΓݶͷແ࣍ ϕ1[h] − ϕ2[h] ͸ઢܗ൚ؔ਺Ͱ͋Δ͔Β,

∥h∥ → 0ʹ͓͍ͯ 0ʹऩଋ͢Δ.
—————————————————————————————————————————————————————————–

J [y]− J [ŷ]͕ۂઢ ŷ(x)ͷۙ๣Ͱಉූ߸Ͱ͋Δͱ͖, J [y]͸ ŷ(x)Ͱۃ஋ΛͱΔͱ͍͏.

ͨͩ͠, ඍ෼Մೳͳؔ਺͔ΒͳΔू߹্Ͱఆٛ͞ΕΔ൚ؔ਺ʹରͯ͠, ͜ͷ࢝Ҭͷؔ਺͸ C ͷݩͱ΋ D1 ͷݩͱ΋͑ߟΒΕΔ͔Β൚
ؔ਺ͷۃ஋ʹ͸ҎԼͷ 2छྨ͕ଘ͢ࡏΔ.

ɾ∥y−ŷ∥1<εΛຬͨ͢ y∈D1 ʹରͯ͠ J [y]−J [ŷ]͕ಉූ߸Ͱ͋Δͱ͖, ൚ؔ਺ J [y]͸ ŷ Ͱऑۃ஋ (weak extrema)ΛͱΔͱ͍͏.

ɾ∥y−ŷ∥0<εΛຬͨ͢ y∈C ʹରͯ͠ J [y]−J [ŷ]͕ಉූ߸Ͱ͋Δͱ͖, J [y]͸ ŷ Ͱۃڧ஋ (strong extrema)ΛͱΔͱ͍͏.

͜͜Ͱ, ໌Β͔ʹۃڧ஋఺͸ऑۃ஋఺Ͱ͋Δ.

·ͨ, ม෼๏Ͱ͞࡯ߟΕΔ൚ؔ਺͸ D1 ʹ͓͍ͯ࿈ଓͰ͋Δ͜ͱ͕ଟ͍ͨΊ, ऑۃ஋͸ۃڧ஋ΑΓٻ·Γ΍͍͢.

͜͜Ͱ, ൚ؔ਺ J [y]͕ ŷ Ͱۃ஋ΛͱΔͨΊͷඞཁ৚݅͸, ŷ ͱڐ༰ؔ਺ hʹରͯ͠ δJ [h]=0͕੒Γཱͭ͜ͱͰ͋Δ.
—————————————————————————————————————————————————————————–
J [y]͕ ŷ .Δ͑ߟ͍ͯͭʹ߹খ஋ΛͱΔ৔ۃ͍͓ͯʹ (.େ஋ΛͱΔ৔߹΋ಉ༷Ͱ͋Δۃ)

͜ͷͱ͖, ∥h∥͕े෼ʹখ͍͢͞΂ͯͷ hʹରͯ͠, J [ŷ + h]− J [ŷ] = δJ [h] + ε∥h∥ ≥ 0͕੒Γཱͪ, ∥h∥ → 0ͷͱ͖ ε → 0Ͱ͋
ΔͷͰ, δJ [h] ̸= 0ͳΒ͹, δJ [h] + ε∥h∥͸ δJ [h]ͱಉූ߸ͱͳΔ.

·ͨ, δJ [h]͸ઢܗ൚ؔ਺Ͱ͋Δ͔Β, δJ [−h] = −δJ [h]͕੒Γཱͭ.

͕ͨͬͯ͠, δJ [h] ̸= 0ͳΒ͹, δJ [h] + ε∥h∥ͷූ߸͸Ұҙʹ֬ఆͤͣ (ͨͱ͑͹, −δJ∥h∥+ ε∥h∥ͷූ߸͸ෛʹͳΓಘΔ.), ͜ͷͱ
.஋ΛͱΓಘͳ͍ۃ͖
—————————————————————————————————————————————————————————–

*1 ಺ੵۭؒͰ͋Δͳͨ͹಺ੵ͔Βఆ·ΔϊϧϜ͕୅දతͰ͋Δ.
*2 ͜ΕΒͷؔ਺ۭؒͷݺͼ໊͸, I.M.Gelfand / S.V.Fominʰม෼๏ʱʹͳΒ͏.
*3 ͢ͳΘͪ, ∥h∥ → 0Ͱ͋Δͱ͖ ε → 0Λຬͨ͢ ε>0Λ༻͍Ε͹ ∆J [h] = δJ [h] + ε∥h∥Ͱ͋Δ.



♦ 1.2. Eulerํఔࣜ

࿈ଓؔ਺ α(x)ͱ h(a)=h(b)=0Λຬͨ͢ h(x)∈C (a≤x≤b)ʹରͯ͠
∫ b

a
α(x)h(x)dx=0Ͱ͋ΔͳΒ͹, α(x)=0͕੒Γཱͭ.

(ม෼๏ͷجຊิ୊)
—————————————————————————————————————————————————————————–
͋Δ఺ cͰ α(c) ̸= 0, ྫ͑͹ α(c) > 0ͱ͢Δ.

͜ͷͱ͖, ۠ؒ [a, b]্ʹ α(x) > 0ͱͳΔΑ͏ͳ۠ؒ (ξ1, ξ2)͕ଘ͢ࡏΔ. (͜ͷ۠ؒ಺ʹ cؚ͕·ΕΔ.)

·ͨ, h(x)͕ h(ξ1) = h(ξ2) = 0Λຬ଍͢ΔͨΊʹ, [ξ1, ξ2]্Ͱ͸ h(x) = (x− ξ1)(ξ2 − x), [ξ1, ξ2]Ҏ֎Ͱ͸ h(x) = 0Λຬͨ͢΋
ͷͱ͢Δ.

͜ͷͱ͖, ؔ਺͸͜ͷ۠ؒͰ࿈ଓͰਖ਼஋ΛͱΔͨΊ,
∫ b

a
α(x)h(x)dx =

∫ ξ2
ξ1

α(x)(x − ξ1)(ξ2 − x)dx > 0͕੒Γཱͪ, Ծఆʹໃ६͢

Δ.
—————————————————————————————————————————————————————————–
·ͨ, ҎԼ͸ඍ෼ͱม෼ͷަ׵ଇͱݺ͹ΕΔ.

ඍ෼ͱม෼ͷަ׵ଇ : ؔ਺ y(x)ͷඍখ૿෼Λ δy(x)ͱͨ͠ͱ͖, (δy)′ = δ(y′)͕੒Γཱͭ.*4

—————————————————————————————————————————————————————————–
δ
(
dy
dx

)
= limx2→x1

(
y(x2)+δy(x2)−y(x1)−δy(x1)

x2−x1
− y(x2)−y(x1)

x2−x1

)
= limx2→x1

δy(x2)−δy(x1)
x2−x1

= d
dxδy.

—————————————————————————————————————————————————————————–
͜͜Ͱ, δy(a)=δy(b)=0Λຬͨؔ͢਺ y(x)ͷू߹্Ͱఆٛ͞ΕΔ൚ؔ਺ J [y] ≡

∫ b

a
F (x, y, y′)dx͕ఀཹ͢Δ͜ͱͱ͜ͷؔ਺ y(x)

͕ Eulerํఔࣜ ∂F
∂y − d

dx
∂F
∂y′ =0Λຬͨ͢͜ͱͱ͸ಉ஋Ͱ͋Δ.

—————————————————————————————————————————————————————————–
J [y]͕ऑۃ஋ΛͱΔͨΊͷඞཁ৚݅ΛಘΔͨΊʹ, J [y]ͷม෼ΛٻΊΔ.

ؔ਺ y(x)ʹ૿෼ δy(x)Λ༩͑ͨͱ͖, ,ք৚݅ͷԾఆΑΓڥ δy(a) = δy(b) = 0͕੒Γཱͭ.

͜ͷͱ͖ J [y]ͷ૿෼͸, ∆J = J [y+ h]− J [y] =
∫ b

a
F (x, y+ δy, y′ + δy′)dx−

∫ b

a
F (x, y, y′)dx =

∫ b

a

(
∂F
∂y δy + ∂F

∂y′ δy
′
)
dx+ · · ·

ͱͳΔ.

Αͬͯ, ඍ෼ͱม෼ͷަ׵๏ଇΛ༻͍Ε͹ δJ = 0ΑΓ δJ =
∫ b

a

(
∂F
∂y δy + ∂F

∂y′ δy
′
)
dx =

∫ b

a

(
∂F
∂y δy − d

dx
∂F
∂y′ δy

)
dx+

[
∂F
∂y′ δy

]b
a
= 0

Ͱ͋Δ͔Βม෼๏ͷجຊิ୊ΑΓ, ∂F
∂y − d

dx
∂F
∂y′ = 0Ͱ͋Δ.

—————————————————————————————————————————————————————————–

♦ 1.3. Lagrangeํఔࣜͱ࠷খ࡞༻ͷݪཧ

ղੳྗֶ (analytical mechanics)Ͱ͸ӡಈͷ 3๏ଇʹ୅Θͬͯ, .Δ͢༺࠾ཧͱͯ͠ݪຊجཧΛӡಈͷݪͷ༺࡞খ࠷ ղੳྗֶͷ૑࢝
ऀͰ͋Δ Lagrange͸, ੩ྗֶͷ๏ଇΛಈྗֶʹ֦ு͢Δ͜ͱͰ͜ͷݪཧΛߏஙͨ͠. ຊࢿྉͰ͸, ͜ͷํ๏ʹԊͬͯ࡞༻ͷఀཹΛԋ
៷͢Δ.

·ͣ, ੩ྗֶͰ͸෺ମʹ͔͔Δ߹ྗ F ͕ 0Ͱ͋Δ͜ͱ͔Β, Ծ૝มҐ δxʹରͯ͠ F ·δx=0͕੒Γཱͭ. (Ծ૝ࣄ࢓ͷݪཧ)

͜͜Ͱ, NewtonྗֶʹΑΕ͹ಈྗֶͰ͸ӡಈํఔࣜ F−mẍ = 0͕੒Γཱ͔ͭΒ F ͷ൓ରํ޲ʹ mẍ͚ͩྗ͕͔͔͍ͬͯΔΑ͏
ͳܥੑ׳ΛͱΕ͹, ಈྗֶΛ੩ྗֶͱಉ༷ʹѻ͏͜ͱ͕Ͱ͖Δ.*5Αͬͯ, Ծ૝ࣄ࢓ͷݪཧ͸ҎԼͷΑ͏ʹ֦ு͞ΕΔ.

Ծ૝ࣄ࢓ͷݪཧͷ֦ு : ͢΂ͯͷྗֶʹରͯ͠ (F−mẍ)·δx=0͕੒Γཱͭ.

͍·, ෺ମʹ͔͔͍ͬͯΔྗ͕อଘྗͰ͋Δͱ͢Ε͹ F = −grad U ͕੒Γཱ͔ͭΒԾ૝ࣄ࢓ͷݪཧ͸ϙςϯγϟϧͷఀཹ δU = 0

.ண͞ΕΔؼʹ

͜͜Ͱ, લड़ͨ͠Ծ૝ࣄ࢓ͷݪཧͷ֦ு͕ࣜ͋Δ෺ཧྔ S ͷఀཹʹؼண͞ΕΕ͹, ෺ମͷӡಈ͸ S ͕ఀཹ͢ΔΑ͏ʹܾ·Δͱ͍͏͜
ͱ͕Ͱ͖Δ.*6

·ͣ, ଟ࣭఺ܥʹ͓͍ͯ xi ͕ҰൠԽ࠲ඪ qi ͷؔ਺Ͱද͞ΕΔͱ͢Ε͹, ҎԼͷΑ͏ʹม͞ܗΕΔ.*7

(Fi −miẍi) · δxi = 0 ⇔ (Fi −miẍi) ·
∂xi

∂qk
δqk = 0

͜͜Ͱ, ม׵ଇ ẋi =
∂xi

∂t
+

∂xi

∂qk
q̇k ⇒ ∂ẋi

∂q̇k
=

∂xi

∂qk
,

d
dt

(
∂xi

∂xi

)
=

∂
∂qi

(
∂xi

∂qj
q̇j +

∂xi

∂t

)
=

∂ẋi

∂qj
ΑΓ,

Fi ·
∂xi

∂qk
= − ∂U

∂xi

∂xi

∂qk
= − ∂U

∂qk

ẍi ·
∂xi

∂qk
=

d
dt

(
ẋi

∂ẋi

∂q̇k

)
− ẋi

∂ẋi

∂qk
=

1
2
d
dt

(
∂(ẋi

2)
∂ẋi

∂ẋi

∂q̇k

)
− 1

2
∂(ẋi

2)
∂ẋi

∂ẋi

∂qk
=

1
2
d
dt

∂(ẋ2
i)

∂q̇k
− 1

2
∂(ẋi

2)
∂qk

*4 ϓϥΠϜه߸͸ xʹؔ͢Δඍ෼ૢ࡞Ͱ͋Δ.
*5 ͜ͷண૝Λ, d’AlembertͷݪཧͱݺͿ.
*6 ҎԼͰ͸, ීวతͳ࠲ඪܥͱͯ͠ҰൠԽ࠲ඪ (generalized coordinates)Λಋೖ͢Δ. ͜͜ͰҰൠԽ࠲ඪͱ͸, ࣗ༝౓ N ͷܥʹ͓͍ͯ N ͩݸ
͚ఆ·Δม਺Ͱ͋Γ, ྗֶม਺ͱ΋ݺ͹ΕΔ.

*7 index k ͸ॖ໿نଇʹ͍ͯͮج࿨Λͱ͍ͬͯΔ.



Ͱ͋Δ͔Β L ≡ T − U (T :ӡಈΤωϧΪʔ, U :ϙςϯγϟϧ)Λ༻͍Ε͹,

(Fi −miẍi) ·
∂xi

∂qk
δqk = 0 ⇔ − ∂U

∂qk
δqk −

(
d
dt

∂
∂q̇k

− ∂
∂qk

)
1
2
miẋi

2δqk = 0

⇔
(

∂
∂qk

− d
dt

∂
∂q̇k

)(
1
2
miẋi

2 − U

)
δqk = 0

⇔
(

∂L
∂qk

− d
dt

∂L
∂q̇k

)
δqk = 0

ͷؼʹܗண͞Ε, ͜ͷ྆ลΛੵؒ࣌෼͢Ε͹ δS = 0ͷؼʹܗண͢Δ.

Αͬͯ, ҎԼ͕੒Γཱͭ.

ཧݪͷ༺࡞খ࠷ (principle of least action)✓ ✏
2ͭͷࠁ࣌ t1, t2 (t1 < t2)ʹ͓͚Δ qi(i = 1, 2, · · ·n)ͷ஋Λࢦఆͨ͠ͱ͖, t1 < t < t2 ʹ͓͚Δܥͷӡಈ, ͢ͳΘͪؒ࣌ͷؔ
਺ qi(t)͸,

༺࡞ (action) : S[q] =

∫ t2

t1

L(qi(t), q̇i(t), t) dt

͕ఀཹ͢ΔΑ͏ʹܾ·Δ.a

a ͜ͷͱ͖ͷ L͸ L ≡ T − U Ͱఆٛ͞Ε, Lagrangianͱݺ͹ΕΔ.✒ ✑
ղੳྗֶͰ͸, Newtonͷ 3๏ଇͰ͸ͳ͘࠷খ࡞༻ͷݪཧΛӡಈͷجຊ๏ଇͱͯ͠࠾༻͢Δ.*8

·ͨ, ͷఀཹʹର͢Δ༺࡞ EulerํఔࣜΛ Lagrangeํఔࣜͱݺͼ, Lagrangeํఔࣜ͸ӡಈํఔࣜʹରԠ͢Δ.

͜ͷͱ͖, Lagrangian ͸࠲ඪม׵ʹΑͬͯ (มΘΔ΋ͷͷͦ͜ܗ) ෆมͰ͋Γ, ಘΒΕͨ Lagrange ํఔࣜ͸ҰൠԽ࠲ඪͷܗͰॻ͔
Ε͍ͯΔͨΊ, Lagrangeํఔࣜ͸೚ҙͷ࠲ඪม׵ʹରͯ͠ڞมੑ (convariance)Λ΋ͭ.*9

♦ 1.4. Legendreม׵

f(ξ)͕ٛڱͷತؔ਺Ͱ͋Δ, ͢ͳΘͪ f ′′(ξ) > 0Λຬͨ͢΋ͷͱ͢Ε͹, ಠཱม਺ ξ Λ p ≡ f ′(ξ)ʹมͨ͠׵ͱ͖ʹ f ͷಠཱม਺͕
f ʹӄʹґଘ͢Δͱ͍͏ύϥυΩγΧϧͳࣄଶ͕ੜ͡Δ.*10

͜͜Ͱ, ม਺มޙ׵ͷ f Λදؔ͢਺ͱͯ͠ pͷؔ਺ H(p) ≡ pξ − f(ξ)͕༩͑ΒΕ, ͜ͷҰ࿈ͷม׵Λ Lagengreม׵ͱݺͿ.

ͪͳΈʹ৚݅ΑΓ p′(ξ) ̸= 0͕੒ΓཱͭͨΊ઀ઢͷޯ഑ʹΑͬͯۂઢ্ͷ఺͕Ұҙʹఆ·Γ, ͦΕΏ͑ ξ ͕ pͰද͞Ε, H(p)ͷ༗ޮ
ੑ͕ࣔ͞ΕΔ.

dH = −f ′(ξ)dξ + pdξ + ξdp = ξdp, f ′′(ξ) > 0ΑΓ
d2H
dp2

=
dξ
dp

=
1

f ′′(ξ)
> 0͕੒Γཱ͔ͭΒ, H(p)΋ٛڱͷತؔ਺Ͱ͋Δ.

·ͨ,
dH
dp

= ξ, −H(p) + ξp = f(ξ)ΑΓ Legendreม׵͸ର߹తͰ͋Δ͔Βਖ਼౰ͳม਺ม׵Ͱ͋Δ.

♦ 1.5. Hamiltonianͱਖ਼ლํఔࣜ

Lagrangian ͷม਺Ͱ͋ΔҰൠԽ଎౓ΛҰൠԽӡಈྔʹ Legendre มͨ͠׵ H(qi, pi, t) = piq̇i − L(qi, q̇i, t) Λ Hamiltonian ͱݺ
ͼ, Hamiltonian͸ΤωϧΪʔͱରԠ͢Δ.

͜͜Ͱ, HamiltonianΛ༻͍ͯ࡞༻ͷม෼Λ͢ࢉܭΕ͹, ҎԼͷΑ͏ʹͳΔ.

δS =

∫ t2

t1

((pi + δpi)(q̇i + δq̇i)−H(qi + δqi, pi + δpi, t)− piq̇i +H(qi, pit)) dt

≃
∫ t2

t1

(
(piδq̇i + q̇iδpi)−

(
∂H
∂qi

δqi +
∂H
∂pi

δpi

))
dt

=

∫ t2

t1

(
δqi

(
−ṗi −

∂H
∂qi

)
+ δpi

(
q̇i −

∂H
∂pi

))
dt+ [piδqi]

t2
t1

Αͬͯ, ͷఀཹΑΓҎԼͷਖ਼४ํఔࣜ༺࡞ (canonical equations)ΛಘΔ.

ṗi = −∂H
∂qi

, q̇i =
∂H
∂pi

(i = 1, 2, · · · , n)

*8 ,ͷఀཹੑΛද͍ͯ͠Δ͕༺࡞ཧ͸ݪͷ༺࡞খ࠷ .খੑ͸ද͍ͯ͠ͳ͍࠷ Ծʹ࡞༻ͷୈ 2ม෼Λͨ͠ࢉܭͱͯ͠΋, খੑΛূ໌͢Δ͜ͱ͸೉࠷
͍͠.

*9 Newtonͷӡಈํఔࣜͱͷܾఆతͳҧ͍Ͱ͋Δ.
*10 f ′′(ξ) < 0ͷ৔߹΋ಉ༷ʹٞ࿦͞ΕΔ.



♣ Section 2. ෮श : ਺ϕΫτϧ্ۭؒͷςϯιϧ୅਺
—————————————————————————
♦ 2.1. ൓มϕΫτϧͱڞมϕΫτϧ

K ্ͷઢۭؒܗ V ʹରͯ͠ V ͔ΒK ΁ͷઢ૾ࣸܗશମͷू߹͸ઢۭؒܗͰ͋Γ, ͜ΕΛ V ͷ૒ରۭؒ (dual space)ͱݺͿ.

͜͜Ͱ V ͷݩΛ൓มϕΫτϧͱݺͼ, ͦͷ૒ରۭؒ V ∗ ͷݩΛڞมϕΫτϧͱݺͿ.

Ҏ߱, R3 .Δ͑ߟ͍ͯͭʹ

൓มϕΫτϧͷجఈ {e1, e2, e3}ʹରͯ͠ fi≡f(ei)Λฒ΂ͯͰ͖Δ਺ϕΫτϧ͸ڞมϕΫτϧΛಛ௃͚ͮΔ. ͜ΕΛڞมϕΫτϧ
ͷ੒෼ (component)ͱݺͿ.

,Ε͞׵ͱ΋ͳͬͯ൓มϕΫτϧͷ੒෼͸ରরతʹมʹ׵ఈͷมج .ΕΔ͞׵มϕΫτϧͷ੒෼͸ಉ༷ʹมڞ

·ͨ, φi(ej)=δij (i, j=1, 2, 3)Λຬͨ͢ {φ1,φ2,φ3}͸૒ରۭؒͷجఈͰ͋Γ, ͜ΕΛ૒ରجఈ (dual basis)ͱݺͿ.

Αͬͯ૒ରۭؒ R3∗͔ΒεΧϥʔશମͷू߹ R΁ͷઢ૾ࣸܗʹରͯ͠ಉ༷ʹ਺ϕΫτϧΛߏ੒͢Ε͹, ͦͷ੒෼͸൓มϕΫτϧͷੑ
࣭Λ΋ͭ. ͢ͳΘͪ, ൓มϕΫτϧͱڞมϕΫτϧ͸૒ର֓೦Ͱ͋Δ.

♦ 2.2. ൓มςϯιϧͱڞมςϯιϧ

R3×R3 ͔Β R΁ͷ૒ઢ૾ࣸܗΛ2֊ͷڞมςϯιϧͱݺͼ, R3∗×R3∗͔Β R΁ͷ૒ઢ૾ࣸܗΛ2֊ͷ൓มςϯιϧͱݺͿ.*11

2֊ͷڞมςϯιϧ f ͷ੒෼Λ fij ≡f(ei, ej)ͰఆΊΕ͹͜ΕΒ͸ f Λಛ௃͚ͮΔ͠, ൓มςϯιϧͷ੒෼΋ಉ༷Ͱ͋Δ.

͜͜Ͱجఈͷม׵ʹͱ΋ͳͬͯ൓มςϯιϧͷ੒෼͸ରরతʹม͞׵Ε, .ΕΔ͞׵มςϯιϧͷ੒෼͸ಉ༷ʹมڞ

Ұൠʹ R3×· · ·×R3×R3∗×· · ·×R3∗͔Β R΁ͷଟॏઢ૾ࣸܗΛ r ֊൓มͱ s֊ڞมͷࠞ߹ςϯιϧͱݺͼ, Ҏ߱Ͱ͸ (r, s)ςϯι
ϧͱݺͿ.

♦ 2.3. ςϯιϧྔܭ

಺ੵۭؒ V ʹ͓͍ͯ಺ੵ͸2֊ͷڞมςϯιϧͰ͋Δ.

͜ͷͱ͖ͷςϯιϧΛྔܭςϯιϧ (metric tensor)ͱݺͼ, R3 ͷྔܭςϯιϧ͸ҎԼͰ͋Δ.

(gµν)=

⎛

⎜⎝
1 0 0

0 1 0

0 0 1

⎞

⎟⎠

͜͜Ͱ, ൓มϕΫτϧ vµ ʹରͯ͠ vµ≡gµνv
ν (µ=1, 2, 3)͸੒෼ͷม׵ΑΓڞมϕΫτϧͰ͋Δ.

͜ΕΛ൓มϕΫτϧͷڞม੒෼ (covariance component)ͱݺͼ, ൓มςϯιϧͷڞม੒෼΋ಉ༷ʹఆٛ͞ΕΔ.

♦ 2.4. ςϯιϧͷԋࢉ

ςϯιϧͷԋࢉ͸੒෼Λ༻͍ͯҎԼͰఆٛ͞ΕΔ.

[(ಉ֊ͷ)ςϯιϧͷ࿨] ֤੒෼ͷ࿨Λ੒෼ͱ͢Δςϯιϧ
[ςϯιϧͷεΧϥʔഒ] ֤੒෼ͷεΧϥʔഒΛ੒෼ͱ͢Δςϯιϧ
[ςϯιϧੵ] ͨͱ͑͹ S

⊗
T ≡(Si

jT
k
lm).

(Ұൠʹ (r, s)ςϯιϧͱ (r′, s′)ςϯιϧͷςϯιϧੵ͸ (r+r′, s+s′)ςϯιϧͰ͋Δ.)

ͨͱ͑͹ ei
⊗

ej ͸2֊ͷ൓มςϯιϧશମͷू߹ͷجఈͰ͋Γ, .มςϯιϧ΍ࠞ߹ςϯιϧ΋ಉ༷Ͱ͋Δڞ

͜ΕΒ͸௨ৗͷجఈʹ͓͚Δ੒෼ͦ͜Ұக͢Δ͕, .ͱ΋ͳͬͯ੒෼ʹ૬ҧ͕͋Δʹ׵ఈͷมج

*11 ΋ͪΖΜ, Ұൠͷઢۭؒܗʹ֦ு͞Εͯ΋Α͍.



♣ Section 3. ෮श : ಛघ૬ରੑཧ࿦
—————————————————————————
♦ 3.1. ಛघ૬ରੑཧ࿦ͷग़དྷ

Lorentz ͸, Michelson-Morley ͷ࣮݁ݧՌ͔Β Lorentz ऩॖ (Τʔςϧʹରͯ͠଎౓ V Ͱӡಈ͢Δ෺ମͷ௕͕͞ਐ޲ํߦʹ√
1− (V/c)2 ഒॖΉ͜ͱ)Λఏএ͠, ͦͷઆ໌͚ͮΛిࢠ࿦ (෺ମΛՙిཻࢠͷू·Γͱ͢Δ؍఺)ʹٻΊͨ.*12*13

۩ମతʹ͸, Maxwellํఔ͕ࣜڞมʹอͨΕΔΑ͏ͳؒܥੑ׳ͷ࠲ඪม׵ͱͯ͠ҎԼͷ Lorentzม׵Λఏএͨ͠.*14

x′0 = γ(x0 − βx1), x′1 = γ(x1 − βx0), x′2 = x2, x′3 = x3 (γ ≡ 1/
√

1− β2, β ≡ V/c)

͔ͨ͠ʹ͜ͷม͔׵Β Lorentzऩॖ͸ಘΒΕΔ͕, ͜ΕΛೝΊΕ͹ҟͳΔܥੑ׳ʹ͓͍ͯಉҰͷڞ͕ؒ࣌༗͞Εͳ͘ͳΔ͔Β౰࣌ͷ
෺ཧֶऀʹ͸ (Lorentz͢Β΋)ड͚ೖΕ͕͍ͨ΋ͷͰ͋ͬͨ.

ͦ͜Ͱ Einstein͸ Lorentzม׵͸ҎԼͷཁ੥͔Βಋ͔ΕΔͱ͠, ͜ΕΒΛ΋ͱʹಛघ૬ରੑཧ࿦Λߏஙͨ͠.*15*16

ಛघ૬ରੑཧ࿦ͷجຊཁ੥✓ ✏
1 ) ૬ରੑݪཧ · · · ͢΂ͯͷܥੑ׳ʹ͓͍ͯ෺ཧ๏ଇ͸ಉ͡ܗͰॻ͔ΕΔ.

2 ) ޫ଎ෆมͷݪཧ · · · ͢΂ͯͷܥੑ׳ʹ͓͍ͯޫ଎͸ෆมͰ͋Δ.✒ ✑
♦ 3.2. ೾ಈͱ ϕΫτϧݩ4

<೾ಈ >

(ۭؒతʹ)1ݩ࣍ͷਖ਼ݭ೾͸ φ(x, t)=A sin(kx−ωt+α)Ͱॻ͔ΕΔ.

͜͜Ͱ, T ≡2π/ω ͸ φ(x, t)=φ(x, t+T )Λຬͨ͠, ͜ΕΛपظ (period)ͱݺͿ.

(୯Ґͨ͋ؒ࣌Γʹؚ·ΕΔपظͷ਺ ν≡1/T Λৼಈ਺ (frequency)ͱݺͿ.)

Ұํ, λ≡2π/k ͸ φ(x+λ, t)=φ(x, t)Λຬͨ͠, ͜ΕΛ೾௕ (wave length)ͱݺͿ.

(k ͸೾਺ (wave number)ͱݺ͹Ε, 2π ʹؚ·ΕΔ೾௕ͷ਺Ͱ͋Δ.)

·ͨ, ೾ಈͷ఻ΘΔ଎͞ (Ґ૬଎౓)͸ φ(x+∆x, t+∆t)=φ(x, t)ΑΓ v≡∆x/∆t=ω/k Ͱ͋Δ.

(ۭؒతʹ)3ݩ࣍ͷਖ਼ݭ೾ φ(r, t)=A sin(kxx+kyy+kzz−ωt+α)ʹରͯ͠ k≡(kx, ky, kz)Λ೾਺ϕΫτϧ (wave number vector)

ͱݺͿ.

೾਺ϕΫτϧͷํ޲ʹ X ࣠ΛͱΓ, r≡ (x, y, z)ͷ X ੒෼Λ X ͱ͢Ε͹ kxx+kyy+kzz= |k|X Ͱ͋Δ͔Βਖ਼ݭ೾͸೾਺ϕΫτϧ
ͷํ޲ʹਐΈ, ೾਺ |k|, ֯ৼಈ਺ ω Λ΋ͭ.

ΑͬͯҐ૬଎౓͸ v=ω/|k|Ͱ͋Δ.

೾਺ϕΫτϧݩ4> >

K ′೾ΛKݭͷਖ਼ݩ࣍Δ3͚͓ʹܥ .ΒΈΕ͹ҎԼͰॻ͔ΕΔ͔ܥ

φ(r, t) = A sin

(
kxγ(x

′+V t′)+kyy
′+kzz

′−ωγ

(
t′+

V
c2

x′
)
+α

)
= A sin

(
γ

(
kx+

V
c2

ω

)
x′+kyy

′+kzz
′−γ(ω−V kx)t

′+α

)

= A sin(k′
xx

′+k′
yy

′+k′
zz

′−ω′t′+α)

͜͜Ͱ (k0, kx, ky, kz) (k
0≡ω/c)͸4࠲ݩඪͱಉ༷ʹม͞׵Ε, ͜ΕΛ4ݩ೾਺ϕΫτϧͱݺͿ.*17

͕ͨͬͯ͠ (k0)2−k2 ͸ Lorentzม׵ʹରͯ͠ෆมͰ͋Γ, ಛʹޫʹରͯ͠͸ k0/|k|=v/c=1Ͱ͋Δ͔Β (k0)2−k2=0Ͱ͋Δ.

ͷΤωϧΪʔͱӡಈྔࢠޫ> >

ͷΤωϧΪʔ͸ࢠޫ ε=!ω Ͱ͋Γ, ӡಈྔ͸ p=!|k|Ͱ͋Δ.

͜ͷͱ͖, p0≡ε/cͱ p=!k͸4ݩϕΫτϧͰ͋Γ, ͜ΕΛΤωϧΪʔɾӡಈྔ4ݩϕΫτϧ (energy-momentum 4-vector)ͱݺͿ.

͜͜Ͱ, ໌Β͔ʹ ε2−c2p2=0Ͱ͋Δ.

*12 ਖ਼֬ʹ͸͜ͷ࣌఺Ͱ͸ LorentzͷऩॖԾઆͰ͋Δ.
*13 ͨͱ͑͹ిࢠ࿦ͷཱ৔Ͱ͸, ෺ମͷେ͖͞͸෺ମΛߏ੒͢Δՙిཻؒࢠͷ૬࡞ޓ༻ʹ͓͚Δฏߧঢ়ଶͱͯ͠ଊ͑ΒΕΔ.
*14 Lorentzม׵͸্ࣜܗ, Galileiม׵Λ಺แ͢Δ.
*15 ಛघ૬ରੑཧ࿦Ͱ͸͢΂ͯͷܥੑ׳͸ฏ౳Ͱ͋Δ͔Β Einstein͸ LorentzͱҟͳΓΤʔςϧͷଘࡏΛԾఆ͠ͳ͍.
*16 [ิ଍] ຊཁ੥ʹΑΔج Lorentzม׵ͷಋग़

K ରͯ͠ʹܥ xํ޲ʹ଎౓ V Ͱಈ͘K′ ,Ε͹͑ߟΛܥ Kܥͷݪ఺͔Βޫ͕์ࣹ͞Εͨͱ͖ʹҎԼ͕੒Γཱͭ.

x2 + y2 + z2 = (ct)2, x′2 + y′2 + z′2 = (ct′)2

Αͬͯ Lorentzม׵Λ༻͍ͯ܎਺ൺֱΛ͑ߦ͹Α͍.
*17 Ұൠʹ ΕΔྔΛ͞׵ඪͱಉ༷ʹม࠲ݩ4 ϕΫτϧݩ4 (4-vector)ͱݺͿ.



♦ 3.3. ͷٛ޿ Lorentzม׵

<Lorentzม׵ͷ߹੒ >

K ରͯ͠ʹܥ xํ޲ʹ଎౓ V ͰҠಈ͢ΔK′ ,ͱܥ ͦΕʹରͯ͠ xํ޲ʹ଎౓ V ′ ͰҠಈ͢ΔK′′ .Δ͑ߟΛܥ

͜͜Ͱ Lorentzม׵ (t, x) -→(t′, x′)ͱ (t′, x′) -→(t′′, x′′)ͷදྻߦݱ͸ҎԼͰ͋Δ.

Λ(V )=

(
γ −γV/c2

−γV γ

)
Λ(V ′)=

(
γ′ −γ′V ′/c2

−γ′V ′ γ′

)

Αͬͯ Lorentzม׵ (t, x) -→(t′′, x′′)ͷදྻߦݱ͸ҎԼͰ͋Δ.*18

Λ(V ′′)=Λ(V )Λ(V ′)=

(
γ′γ(1+V ′V/c2) −γ′γ(V ′+V )/c2

−γ′γ(V ′+V ) γ′γ(1+V ′V/c2)

)

͕ͨͬͯ͠, K ′′ର͢ΔKʹܥ ͷҠಈ଎౓͸ܥ V ′′=(V ′+V )/(1+V ′V/c2)Ͱ͋Δ.

<೚ҙͷํ޲ͷ Lorentzม׵ >

(x0)2−(x1)2−(x2)2−(x3)2 Λอͭઢܗม׵Λٛ޿ͷ Lorentzม׵ͱఆΊΔ.*19

(ྫ)ɾz ࣠·ΘΓʹ x, y ࣠Λ֯౓ φ͚ͩճసͤ͞Δม׵ Λz(φ)͸ٛ޿ Lorentzม׵Ͱ͋Δ.

ɾۭؒ൓స Λ(P )ͱؒ࣌൓స Λ(T )͸ٛ޿ Lorentzม׵Ͱ͋Δ.

͜͜Ͱ xy ฏ໘಺Ͱ x࣠ͱ֯౓ φΛͳ͢ํ޲ʹ଎౓ V ͰҠಈ͢Δܥੑ׳ʹରͯ͠, ͦͷํ޲Λ X ࣠ͱ͢Ε͹ҎԼ͕੒Γཱͭ.
⎛

⎜⎜⎝

x′0

x′1

x′2

x′3

⎞

⎟⎟⎠=Λz(−φ)ΛX(V )Λz(φ)

⎛

⎜⎜⎝

x0

x1

x2

x3

⎞

⎟⎟⎠=

⎛

⎜⎝

1 0 0 0
0 cosφ − sinφ 0
0 sinφ cosφ 0
0 0 0 1

⎞

⎟⎠

⎛

⎜⎝

γ −γV/c 0 0
−γV/c γ 0 0

0 0 1 0
0 0 0 1

⎞

⎟⎠

⎛

⎜⎝

1 0 0 0
0 cosφ sinφ 0
0 − sinφ cosφ 0
0 0 0 1

⎞

⎟⎠

⎛

⎜⎜⎝

x0

x1

x2

x3

⎞

⎟⎟⎠

=

⎛

⎜⎜⎝

γ −γVx/c −γVy/c 0
−γVx/c 1+(γ−1)Vx

2/V 2 (γ−1)VxVy/V
2 0

−γVy/c (γ−1)VxVy/V
2 1+(γ−1)Vy

2/V 2 0
0 0 0 1

⎞

⎟⎟⎠

⎛

⎜⎜⎝

x0

x1

x2

x3

⎞

⎟⎟⎠ (Vx≡V cosφ, Vy≡V sinφ)

·ͨ, yz ฏ໘಺Ͱ͋Δ৔߹΋ಉ༷Ͱ͋Δ͔ΒͦΕΒΛ߹੒͢Ε͹ҎԼͷ೚ҙͷํ޲΁ͷ Lorentzม׵ΛಘΔ.

Λ(V )=

⎛

⎜⎜⎜⎝

γ −γVx/c −γVy/c −γVz/c

−γVx/c 1+(γ−1)Vx
2/V 2 (γ−1)VxVy/V

2 (γ−1)VxVz/V
2

−γVy/c (γ−1)VyVx/V
2 1+(γ−1)Vy

2/V 2 (γ−1)VyVz/V
2

−γVz/c (γ−1)VzVx/V
2 (γ−1)VzVy/V

2 1+(γ−1)Vz
2/V 2

⎞

⎟⎟⎟⎠

♦ 3.4. ૬ର࿦తྗֶ

.ΕΔ͜ͱʹΑͬͯ଎౓΍Ճ଎౓͕ਖ਼౰ʹൺֱ͞Εಘͳ͍͞׵ม͕ؒ࣌Ͱ͸ؒܥੑ׳

ͦ͜Ͱ Einstein͸ؒܥੑ׳Ͱෆมͳཻࢠͷݻ༗࣌Λಋೖ͢Δ͜ͱͰ૬ର࿦తྗֶͷߏஙΛͨͬߦ.

<଎౓ͱՃ଎౓ͷม׵ଇ >

଎౓ͱՃ଎౓͸ؒܥੑ׳ͰҎԼͷΑ͏ʹม͞׵ΕΔ.

v′x=
dx′

dt
dt
dt′

=
vx−V

1−V vx/c2
, v′y=

dy′

dt
dt
dt′

=
1
γ

vy
1−V vx/c2

, v′z=
dz′

dt
dt
dt′

=
1
γ

vz
1−V vx/c2

a′
x=

dv′x
dt

dt
dt′

=
ax

(
1− V vx

c2

)
−(vx−V )

(
− V

c2
ax

)
(
1− V vx

c2

)2 · 1

γ
(
1− V vx

c2

) =
1
γ

1−
(
V
c

)2
(
1− V vx

c2

)3 ax

a′
y=

dv′y
dt

dt
dt′

=
1
γ

ay

(
1− V vx

c2

)
−vy

(
− V

c2
ax

)
(
1− V vx

c2

)2 · 1

γ
(
1− V vx

c2

) =
1
γ2

(
1

(
1− V vx

c2

)2 ay+
vy(

1− V vx
c2

)3
V
c2

ax

)

a′
z=

dv′z
dt

dt
dt′

=
1
γ

az

(
1− V vx

c2

)
−vz

(
− V

c2
ax

)
(
1− V vx

c2

)2 · 1

γ
(
1− V vx

c2

) =
1
γ2

(
1

(
1− V vx

c2

)2 az+
vz(

1− V vx
c2

)3
V
c2

ax

)

͜͜Ͱ, ҎԼ͕੒Γཱͭ.

1−
(
v′x
c

)2

−
((

v′y
c

)2

+

(
v′z
c

)2
)

=
1

(
1− V vx

c2

)2

((
1− V vx

c2

)2

−
(
vx
c
− V

c

)2
)
−

1−
(
V
c

)2
(
1− V vx

c2

)2

((vy
c

)2
+
(vz

c

)2)
=

1−
(
V
c

)2
(
1− V vx

c2

)2

(
1−
(v
c

)2)

Αͬͯ |V |<cͰ͋ΔͳΒ͹྆ลͷਖ਼ෛ͔Β |v|<c ⇔ |v′|<cͰ͋Δ. ͢ͳΘ࣭ͪ఺ͷ଎͞͸͍ͣΕͷܥੑ׳Ͱ΋ޫ଎Λ௒͑ͳ͍.

*18 ʹతݧܦ Lorentzม׵શମͷू߹͸ੵͰด͍ͯ͡Δ͜ͱ͕஌ΒΕ͍ͯΔ͔Β܈Ͱ͋Δ.
*19 ͷٛڱ Lorentzม׵Ͱ͸ (x0)2−(x1)2−(x2)2−(x3)2=0͕੒Γཱͭ.



Ճ଎౓ݩ଎౓ͱ4ݩ4> >

ͷٛ޿ Lorentzม׵ʹରͯ͠ s ≡
∫ √

1−(v/c)2dt͸ෆมྔͰ͋Γ, v=0 (෺ମʹݻఆ͞Εͨ࠲ඪܥ)Ͱ͸௨ৗͷؒ࣌Ͱ͋Δ.

͜ΕΛӡಈ͢Δཻࢠͷݻ༗࣌ (proper time)ͱݺͿ.

͜͜Ͱ uµ≡dxµ/ds (µ=0, 1, 2, 3)Λ4ݩ଎౓ (4-velocity)ͱݺͼ, ۩ମతʹ͸ҎԼͰද͞ΕΔ.

u0=
c√

1−(v/c)2
, u1=

vx√
1−(v/c)2

, u2=
vy√

1−(v/c)2
, u3=

vz√
1−(v/c)2

·ͨ, αµ≡duµ/ds (µ=0, 1, 2, 3)Λ4ݩՃ଎౓ (4-acceleration)ͱݺͼ, ۩ମతʹ͸ҎԼͰද͞ΕΔ.*20*21

α0=
va

c(1−(v/c)2)2
, α1=

ax

1−(v/c)2
+

vxva
c2(1−(v/c)2)2

, α2=
ay

1−(v/c)2
+

vyva
c2(1−(v/c)2)2

, α3=
az

1−(v/c)2
+

vzva
c2(1−(v/c)2)2

ӡಈํఔࣜݩ4> >

੩ྔ࣭ࢭ m0 ͷ෺ମʹରͯ͠ pµ ≡m0u
µ (µ=0, 1, 2, 3) Λ ӡಈྔݩ4 (4-momentum) ͱݺͼ, ӡಈํఔࣜݩ4 Fµ = dpµ/ds (µ=

0, 1, 2, 3)͕੒ΓཱͭΑ͏ʹ4ྗݩ (4-force)Λఆٛ͢Δ.

F k=
fk

√
1−(v/c)2

(k=1, 2, 3), F 0=
F ·v
c

͜͜Ͱୈ0੒෼͸ҎԼΑΓཧղ͞ΕΔ.

dp0

dt
=

m0c

(1−(v/c)2)
3
2

· v ·a
c2

=
f ·v
c

Ͱ͸ܥඪ࠲Δ͍ͯ͠ࢭ੩͕ࢠཻ F ′0=0Ͱ͋Δ͔Β F 1=F ′1/
√

1−(v/c)2, F 2=F ′2, F 3=F ′3 ΑΓҎԼ͕ྗͷม׵ଇͰ͋Δ.

f1=f ′1, f2=
√

1−(v/c)2f ′2, f3=
√

1−(v/c)2f ′3

Αͬͯ੩ܥࢭͱൺ΂ͯྗ͸ӡಈͱਨ௚ͳํ޲ʹ Lorentzऩॖ͍ͯ͠Δ.

<૬ର࿦త࣭ྔ >

pµ=m0u
µ=mvµ (µ=1, 2, 3)Λຬͨ͢mΛ૬ର࿦త࣭ྔͱݺͼ, m=m0/

√
1−(v/c)2 ΑΓཻࢠͷ଎౓ͱͱ΋ʹ૿େ͢Δ.

͜͜Ͱ E≡mc2 ͸ dp0/dt=(f ·v)/cΑΓ dE/dt=f ·v Ͱ͋Δ͔ΒΤωϧΪʔͰ͋Δ.

·ͨ, v≪cͰ͋ΔͳΒ͹ҎԼ͕੒Γཱ͔ͭΒӡಈΤωϧΪʔ΋੩ྔ࣭ࢭͰද͞ΕΔ.

E=
m0c

2

√
1−(v/c)2

≃ m0c
2+

1
2
m0v

2

*20 ʹՃ଎౓΋໌Β͔ݩ଎౓΋4ݩ4 v=0Ͱͦͷۭؒ੒෼͸௨ৗͷ଎౓΍Ճ଎౓ (͢ͳΘͪ 0)ͱҰக͢Δ.
*21 ҎԼΛߟࢀʹ͞Ε͍ͨ.

αµ=
dt

ds

duµ

dt
=

1
√

1−(v/c)2
d

dt

1
√

1−(v/c)2
×
{
c (µ=0)

vµ (µ=1, 2, 3)



♦ 3.5. Maxwellํఔࣜͷ Lorentzڞมੑ

<ి࣓৔ͷม׵ଇ >

.ΕΔ͞׵Ͱ͸ҎԼͷΑ͏ʹి࣓৔͕มؒܥੑ׳ (ͷͪʹࣔ͢.)

E′
x=Ex, E′

y=γ(Ey−V Bz), E′
z=γ(Ez+V By), B′

x=Bx, B′
y=γ(By+V/c2Ez), B′

z=γ(Bz+V/c2Ey)

<ిྲྀີ౓ͷม׵ଇ >

଎౓ v Ͱӡಈ͢Δ఺ిՙ q ͸ҎԼͷిՙີ౓ͱిྲྀີ౓Λ΋ͭ.

ρ(r, t)=qδ(x−vxt)δ(y−vyt)δ(z−vzt), j(r, t)=vρ(r, t)

͜͜ͰҎԼ͕੒Γཱͭ.*22

δ(x−vxt)=
1

γ(1−V vx/c2)
δ(x′−v′xt

′), δ(y−vyt)=δ(y′−v′yt
′), δ(z−vzt)=δ(z′−v′zt

′)

Αͬͯ j0≡cρͱ͢Ε͹ҎԼ͕੒Γཱͪ, ͜ΕΒΛ4ີྲྀిݩ౓ (4-current)ͱݺͿ.

j′0=γ(j0−βj1), j′1=γ(j1−βj0), j′2=j2, j′3=j3

<Maxwellํఔࣜͷ Lorentzڞมੑ >

·ͣ, ҎԼ͕੒Γཱͭ.

∂
∂x′ =

∂x
∂x′

∂
∂x

+
∂t
∂x′

∂
∂t

=γ

(
∂
∂x

+
V
c2

∂
∂t

)
,

∂
∂t′

=
∂x
∂t′

∂
∂x

+
∂t
∂t′

∂
∂t

=γ

(
V

∂
∂x

+
∂
∂t

)
,

∂
∂y′ =

∂
∂y

,
∂
∂z′

=
∂
∂z

1) ి৔ʹؔ͢Δ Gaussͷ๏ଇ

div′E′ = γ

(
∂
∂x

+
V
c2

∂
∂t

)
Ex+

∂
∂y

γ(Ey−V Bz)+
∂
∂z

γ(Ez+V By) = γ

(
divE−V

(
(rotB)x−

1
c2

∂Ex

∂t

))
=

1
ε0

γ

(
1− V vx

c2

)
ρ =

ρ′

ε0

2) ࣓৔ʹؔ͢Δ Gaussͷ๏ଇ

div′B′ = γ

(
∂
∂x

+
V
c2

∂
∂t

)
Bx+

∂
∂y

γ(By−
V
c2

Ez)+
∂
∂z

γ(Bz−
V
c2

Ey) = γ

(
divB− V

c2

(
(rotE)x+

∂Bx

∂t

))
= 0

3) Ampereͷ๏ଇ

(rot′B′)x−ε0µ0
∂E′

x

∂t′
=

∂
∂y

γ

(
Bz−

V
c2

Ey

)
− ∂
∂z

γ

(
By+

V
c2

Ez

)
−ε0µ0γ

(
V
∂Ex

∂x
+
∂Ex

∂t

)

= γ((rotB)x−ε0µ0
∂Ex

∂t
−ε0µ0V divE)

= γ(µ0jx−µ0V ρ)

= γµ0(vx−V )qδ(x−vxt)δ(y−vyt)δ(z−vzt)

= µ0
vx−V

1−(V vx/c2)
qδ(x′−v′xt

′)δ(y′−v′yt
′)δ(z′−v′zt

′)

= µ0j
′x

4) ి࣓༠ಋଇ

(rot′E′)x+
∂B′

x

∂t′
=

∂
∂y

γ (Ez−V By)−
∂
∂z

γ (Ey+Bz)+γ

(
V
∂Bx

∂x
+
∂Bx

∂t

)
= γ((rotE)x+

∂Bx

∂t
+V divB) = 0

♦ 3.6. Minkowskiۭؒ

ςϯιϧ͕ҎԼͰ͋Δෆఆ಺ੵۭؒྔܭ R4 ΛMinkowkiۭؒ (Minkowski space)ͱݺͿ.

(gµν)=

⎛

⎜⎜⎜⎝

1 0 0 0

0 −1 0 0

0 0 −1 0

0 0 0 −1

⎞

⎟⎟⎟⎠

͜͜Ͱ, ͷٛ޿ Lorentzม׵͸ xµxµ=const.Λຬͨ͢ઢܗม׵ x′µ=Λµ
νx

ν Ͱ͋Δ͔Β, Λµ
αgµνΛ

ν
β = gαβ ΑΓ |Λµ

ν |=±1Ͱ
͋Δ. ಛʹ |Λµ

ν |=1Ͱ͋Δ΋ͷΛݻ༗ Lorentzม׵ (proper Lorentz transformation)ͱݺͿ.*23*24

*22 σϧλؔ਺Ͱ͸ δ(ax)=δ(x)/a (a∈R)͕੒Γཱͭ.
*23 ͨͱ͑͹ۭؒ൓సͱؒ࣌൓స͸ݻ༗ Lorentzม׵Ͱͳ͍.
*24 ͢ͳΘͪٛ޿ͷ Lorentzม׵͸ϊϧϜΛอͭઢܗม׵Ͱ͋Δ.



♦ 3.7. Maxwellํఔࣜͷϙςϯγϟϧදݱ

৔ͱϙςϯγϟϧͷؔࣜ܎͸ (࣓৔ʹؔ͢Δ)Gaussͷ๏ଇͱి࣓༠ಋଇʹ༝དྷ͔ͨ͠Β, ΓͷMaxwell࢒ ํఔࣜΛϙςϯγϟϧΛ
༻͍ͯॻ͖͑׵Δ.

·ͣ, ҎԼͷ৚݅Λ՝͢.

Lorentz৚݅ (Lorentz condition) :
1
c2

∂φ
∂t

+ divA = 0

ΑͬͯMaxwellํఔࣜ͸ҎԼͰॻ͔ΕΔ.*25

!φ =
ρ
ε0

, µ0j = !A,
1
c2

∂φ
∂t

+ divA = 0

͜͜ͰҎԼ͸ !φ=ρ/εͱ µ0j=!Aͱಉ஋ͳࣜͰ͋Δ͔Β Lorentz৚݅͸ిՙอଘଇʹ૬౰͢Δ. ͢ͳΘͪ, Lorentz৚݅͸ݹయ
.ͱແໃ६Ͱ͋Δֶؾ࣓ి

1
c2

∂2

∂t2

(
1
c2

∂φ
∂t

)
− ∂2

∂x2

(
1
c2

∂φ
∂t

)
− ∂2

∂y2

(
1
c2

∂φ
∂t

)
− ∂2

∂z2

(
1
c2

∂φ
∂t

)
=µ0

∂ρ
∂t

1
c2

∂2

∂t2
∂Ax

∂x
− ∂2

∂x2

∂Ax

∂x
− ∂2

∂y2

∂Ax

∂x
− ∂2

∂z2
∂Ax

∂x
=µ0

∂jx
∂x

(y, z ੒෼΋ಉ༷.)

൓มϕΫτϧʹΑΔภඍ෼͸ Lorentzม׵ (൓มϕΫτϧͷม׵)ͱରরతʹม͞׵ΕΔ͔ΒڞมϕΫτϧͷੑ࣭Λ΋ͪ, ͜ΕΛ ∂µ

ͱද͢هΔ. ಉ༷ʹڞมϕΫτϧʹΑΔภඍ෼͸൓มϕΫτϧͷੑ࣭Λ΋ͪ, ͜ΕΛ ∂µ ͱද͢هΔ.

Αͬͯ ϙςϯγϟϧݩ4 (4-potential) Aµ ≡ (φ/c,A)Λ༻͍Ε͹, Maxwellํఔࣜ͸ҎԼͰॻ͔ΕΔ.*26

Maxwellํఔࣜͷి࣓ϙςϯγϟϧʹΑΔදݱ✓ ✏
∂ν∂νA

µ = µ0j
µ (µ = 0, 1, 2, 3), ∂µA

µ = 0✒ ✑
♦ 3.8. ి࣓৔ςϯιϧ

2֊ͷަ୅൓มςϯιϧ fµν ≡∂µAν−∂νAµ ͸ҎԼͷΑ͏ʹ ,Λද͢ςϯιϧͰ͋Δ͔Β܎ϙςϯγϟϧͱి࣓৔ͷؔݩ4 ి࣓৔ς
ϯιϧ (electromagnetic field tensor)ͱݺ͹ΕΔ.

(fµν) =

⎛

⎜⎝

0 −Ex/c −Ey/c −Ez/c
Ex/c 0 −Bz By

Ey/c Bz 0 −Bx

Ez/c −By Bx 0

⎞

⎟⎠

Lorentzม׵ʹ൐ͬͯి࣓৔ςϯιϧ͸ (f ′ρσ)=(Λρ
µ)(f

µν)t(Λσ
ν )ͱม͞׵ΕΔ͔ΒҎԼΛಘΔ.

(f ′ρσ) =

⎛

⎜⎝

0 −Ex/c −γ(Ey/c− βBz) −γ(Ez/c+ βBy)
Ex/c 0 −γ(Bz − βEy/c) γ(By + βEz/c)

γ(Ey/c− βBz) γ(Bz − βEy/c) 0 −Bx

γ(Ez/c+ βBy) −γ(By + βEz/c) Bx 0

⎞

⎟⎠

Αͬͯ, ಉҰͷࣄ৅ʹ͓͚Δؒܥੑ׳ͷి࣓৔ͷؔࣜ܎͸ҎԼͰ͋Δ.

E′
x = Ex, E′

y = γ(Ey − V Bz), E′
z = γ(Ez + V By)

B′
x = Bx, B′

y = γ(By + V/c2Ez), B′
z = γ(Bz − V/c2Ey)

*25 !≡ 1
c2

∂2

∂t2
−∆ΛμϥϯϕϧγΞϯͱݺͼ, ͨͱ͑͹ Lorentz৚݅ͷ΋ͱͰήʔδؔ਺͸ !χ=0Λຬͨ͢.

*26 Maxwellํఔࣜͷ LorentzڞมੑΑΓ4ݩϙςϯγϟϧ͸൓มϕΫτϧͰఆٛ͞Ε͍ͯΔ.



♣ Section 4. ి࣓৔ͷղੳྗֶ
—————————————————————————
♦ 4.1. ҰൠԽϙςϯγϟϧ

LorentzྗͷΑ͏ͳ଎౓ʹґଘ͢Δඇอଘྗʹରͯ͠࠷খ࡞༻ͷݪཧΛຬͨ͢Α͏ʹҰൠԽϙςϯγϟϧΛఆٛ͢Δ.

۩ମతʹ͸ Lagrangian͕ L = 1
2mq̇i

2 − U(qi, q̇i)Ͱ͋Δͱͯ͠࡞༻͕ఀཹ͢Δ (͢ͳΘͪ Lagrangeํఔ͕ࣜ੒Γཱͭ)ͨΊʹ͸
ҎԼΛຬͨ͢ U ΛҰൠԽϙςϯγϟϧͱ͢Ε͹Α͍.*27

∂L
∂qi

− d
dt

(
∂L
∂q̇i

)
=0 ⇔ −∂U

∂qi
− d
dt

(
miq̇i−

∂U
∂q̇i

)
=0 ⇔ Fi=−∂U

∂qi
+

d
dt

(
∂L
∂q̇i

)

♦ 4.2. ՙిཻࢠͷ Lagrangian

Lorentzྗʹର͢ΔҰൠԽϙςϯγϟϧ͸ U = q(φ− v ·A)Ͱ͋Δ.

,ࡍ࣮ ∂(v·A)
∂r =(v ·∇)A+v×B, ∂(v·A)

∂v =
(
A· ∂

∂v

)
v+A×

(
∂
∂v ×v

)
=AΑΓҎԼ͕੒Γཱͭ.*28*29

F = −qgradφ+qgrad(v ·A)− d
dt

(
q
∂(v ·A)

∂v

)
= −qgradφ+q(v×B)−q

(
dA
dt

−(v ·∇)A

)

= −qgradφ+q(v×B)−q

(
dA
dt

− ∂A
∂x

dx
dt

− ∂A
∂y

dy
dt

− ∂A
∂z

dz
dt

)
= q(E+v×B)

Αͬͯՙిཻࢠͷ Lagrangian͸ L= 1
2m|v|2−q(φ−v ·A)Ͱ͋Γ, r ʹର͢Δڞ໾ӡಈྔ͸ p=mv+qAͰ͋Δ͔Β Hamiltonian

͸ H= 1
2m|v|2+qφͰ͋Δ.

͜͜Ͱ΋ͪΖΜ, Lagrangian͸ήʔδෆมͰ͋Δ.

L′ =
1
2
m|v|2−qφ′+qv ·A′ =

1
2
m|v|2−qφ+q

∂χ
∂t

+qv ·A+q
dr
dt

∂χ
∂r

= L+q
dχ
dt

♦ 4.3. Maxwellํఔࣜͱి࣓৔ςϯιϧ

Maxwellํఔࣜ͸ҎԼͰද͞ΕΔ.*30

∂νf
µν = −µ0j

µ, ∂ρfµν + ∂µfνρ + ∂νfρµ = 0

,ࡍ࣮ ҎԼͷ͔ࢉܭΒୈ1ࣜ͸ి৔ʹؔ͢Δ Gaussͷ๏ଇͱ Ampereͷ๏ଇͰ͋Δ͠, ୈ2ࣜ͸࣓৔ʹؔ͢Δ Gaussͷ๏ଇͱి࣓༠
ಋଇͰ͋Δ͜ͱ͕͔֬ΊΒΕΔ.

∂νf
0ν =−div

E
c
, ∂νf

1ν =
1
c2

∂Ex

∂t
− ∂Bz

∂y
+
∂By

∂z
, ∂3f

12+∂1f
23+∂2f

31=−divB, ∂0f
12+∂1f

20+∂2f
01=−1

c

(
∂Bz

∂t
+
∂Ey

∂x
− ∂Ex

∂y

)

♦ 4.4. ి࣓৔ͷ࡞༻

༺࡞ཧΛ֦ு͢Δ͜ͱͰ৔ͷݪͷ༺࡞খ࠷ (action of field)Λఆٛ͢Δ. ৔ͷ࡞༻͸ҎԼͰߏ੒͞ΕΔ.

S = Smatter + Sfield + Sint

͜͜Ͱ (ӡಈͷيಓ͕ݻఆ͞Ε্ͨͰ)৔Λมؔ਺ͱͨ͠ͱ͖ͷఀཹ͕৔ͷํఔࣜͰ͋ΔΑ͏ͳ൚ؔ਺Λ৔ͷӡಈ߲ͱ෺࣭ͱ৔ͷ૬ޓ
,ͷ࿨ͱఆ߲ٛ͠༺࡞ (৔Λݻఆ্ͨ͠Ͱ)ҰൠԽ࠲ඪΛมؔ਺ͱͨ͠ͱ͖ͷఀཹ͕ ӡಈํఔࣜͰ͋ΔΑ͏ͳ൚ؔ਺Λ෺࣭ͷӡಈݩ4
߲ͱ෺࣭ͱ৔ͷ૬࡞ޓ༻߲ͷ࿨ͱఆٛ͢Δ.

͜ͷͱ͖, ి࣓৔ͷ࡞༻͸ҎԼͰ͋Δ.

S = −Σmc2
∫

ds+
1

4µ0

∫∫
fµνfµνd

3rdt+

∫∫
jµAµd

3rdt

ҎԼʹ͜ΕΛਪଌ͢Δʹ͋ͨΔཹҙ఺Λड़΂Δ.

1) ෺࣭ͷӡಈ߲ : .Ͱ͋Δ͔ΒࣗવͰ͋Δؒ࣌×͸ΤωϧΪʔݩ࣍ͷ༺࡞

2) ৔ͷӡಈ߲ : fµνfµν/µ0=2(|B|2−|E|2/c2)/µ0 ͸ΤωϧΪʔͷݩ࣍Λ΋͔ͭΒࣗવͰ͋Δ. *31

3) ෺࣭ͱ৔ͷ૬࡞ޓ༻߲ : ՙిཻࢠͷ৔߹͸ҰൠԽϙςϯγϟϧ͔Βਪଌ͞ΕΔ͔Β͜ΕΛҰൠͷ৔߹ʹ֦ு͢Ε͹Α͍.

΋ͪΖΜ, ͜ͷ࡞༻͔ΒMaxwellํఔࣜͱՙిཻࢠͷ .ӡಈํఔ͕ࣜಋग़͞ΕΔݩ4

*27 index i͸ཻࢠΛࣝผ͢Δ΋ͷͰ͋Δ.
*28 grad(a·b)=(a·∇)b+(b·∇)a+a×rotb+b×rotaΛར༻ͨ͠.
*29 LagrangeࣜܗͰ͸ r ͱ v ͸͍ޓʹಠཱͰ͋Δ͜ͱʹཹҙ͞Ε͍ͨ.
*30 ୈ 2ࣜ͸ Bianch߃౳ࣜͱݺ͹ΕΔ.
*31 ి࣓৔ͷ Lagrangianີ౓͸ L=− 1

2µ0
(|E|2/c2−|B|2)Ͱ͋Δ.



[Maxwellํఔࣜͷಋग़]

Aµ→A+δAµ, fµν →fµν+δfµν Ͱ৔ͷڐ༰ؔ਺Λ༩͑Ε͹ S =
1

4µ0

∫∫
fµνfµνd

3rdt+

∫∫
jµAµd

3rdtͷม෼͸ҎԼͰ͋Δ.

δS =
1

4µ0

∫∫
(δfµνfµν+fµνδfµν)d

3rdt+

∫∫
jµδAµd

3rdt =
1

2µ0

∫∫
(fµνδ(∂µAν−∂νAµ))d

3rdt+

∫∫
jµδAµd

3rdt

= − 1
µ0

∫∫
(fµνδ(∂νAµ))d

3rdt+

∫∫
jµδAµd

3rdt

= − 1
µ0

∫∫
(∂ν(f

µνδAµ))d
3rdt+

1
µ0

∫∫
(∂νf

µν)δAµ)d
3rdt+

∫∫
jµδAµd

3rdt

= − 1
µ0

∫
fµνδAµdSν+

1
µ0

∫∫
(∂νf

µν)δAµ)d
3rdt+

∫∫
jµδAµd

3rdt

͜͜Ͱޙ࠷ͷදࣜʹ (R4 ্ͷ)StokesͷఆཧΛ༻͍͓ͯΓ, ͜ͷྖҬͷڥք͸ۭؒ࠲ඪʹ͍ͭͯ͸ແݶԕͰ͋Δ͔Β fµν →0Ͱ͋Γ,

ͷఆٛʹ͓͚Δ୺఺Ͱ͋Δ͔Β༺࡞ඪʹ͍ͭͯ͸࠲ؒ࣌ δAµ=0Ͱ͋Δ.

Αͬͯ࡞༻ͷఀཹͱجຊิ୊ΑΓ ∂νf
µν =−µ0j

µ ΛಘΔ.
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