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———————————————————————————–
♣ ୈ1ষ ଟ༷ମ
———————————————————————————–
♦ ଟ༷ମ

Ґ૬ۭؒ X ʹରͯ͠, X ͷ։ू߹͔Β Rnͷ։ू߹΁ͷಉ૬ࣸ૾ f :O→O′ Λ O ্ͷہॴ࠲ඪܥͱݺͼ, (O, f)Λ࠲ඪۙ๣ͱݺͿ.*1

͜͜Ͱ, ҎԼΛຬͨ͢Ґ૬ۭؒ X Λ nݩ࣍ͷҐ૬ଟ༷ମ (topological manifold)ͱݺͿ.
1) X ͸ HausdorffۭؒͰ͋Δ. 2) X ͷ೚ҙͷ఺ΛؚΉ࠲ඪۙ๣͕ଘ͢ࡏΔ.*2

Ґ૬ଟ༷ମͷ࠲ඪۙ๣ (O1, f)ͱ (O2, g)ͷڞ௨෦෼͕ଘ͢ࡏΔͱ͖, ͦΕʹଐ͢Δݩͷ (O1, f)ʹؔ͢Δہॴ࠲ඪΛ x, (O2, g)ʹؔ͢Δہॴ࠲ඪΛ y ͱ͢Ε
͹ y=g(f−1(x))Ͱ͋Δ͔Β, g◦f−1 : f(O1∩O2)→g(O1∩O2)Λ (O1, f)͔Β (O2, g)΁ͷ࠲ඪม׵ (coordinate transformation)ͱݺͿ.
·ͨ, ೚ҙͷ࠲ඪม͕׵ Cr૾ࣸڃͰ͋ΔҐ૬ଟ༷ମΛ CrڃՄඍ෼ଟ༷ମͱݺͼ, ͜ͷͱ͖ͷΞτϥεΛ CrڃΞτϥεͱݺͿ.*3

(ྫ)ɾRn͸ C∞ڃଟ༷ମͰ͋Δ.
ɾR2ͷ෦෼Ґ૬ۭؒͰ͋Δۂઢ {(x, y) | xy=1}͸1ݩ࣍ͷ C∞ڃଟ༷ମͰ͋Δ.
ɾRn+1 ͷ෦෼Ґ૬ۭؒͰ͋Δ nٿݩ࣍໘ Sn≡{(x1, · · ·, xn+1) | x1

2+· · ·+xn+1
2=1}͸ C∞ڃଟ༷ମͰ͋Δ.

ɾ·ͣ, Ui
+={(x1, · · ·, xn+1)∈Sn | xi>0}ͱ Ui

−={(x1, · · ·, xn+1)∈Sn | xi<0}͸ Sn ͷ։ඃ෴Ͱ͋Δ.
ɾ͜͜Ͱ, Ui

+ ͷݩʹରͯ͠ୈ i੒෼ΛऔΓআࣸ͘૾ φi
+ ͸ Ui

+ ͔Β Rn ͷ୯Ґ։ԁ൘΁ͷࣸ૾Ͱ͋Γ, .੒͞ΕΔ͔Βಉ૬ࣸ૾Ͱ͋Δߏ͕૾ࣸٯ
ɾ·ͨ, (Ui

+,φi
+)ͱ (Ui+1

+,φi+1
+)ͷؒͷ࠲ඪม׵ φi+1

+◦(φi+)−1 ͸۩ମతʹߏ੒͞Ε, ͔ͨ͠ʹ C∞૾ࣸڃͰ͋Δ.
ɾSn্ʹ2ͭͷ࠲ඪۙ๣͔ΒͳΔ C∞ڃΞτϥε͕ߏ੒͞ΕΔ.
ɾ࣮ࡍ, U≡Sn−{p}ͱ V ≡Sn−{q} (p≡(0, · · ·, 0, 1), q≡(0, · · ·, 0,−1))ʹରͯ͠ಉ૬ࣸ૾ ϕ :U→Rnͱ ψ :V →Rn͕ҎԼͰߏ੒͞ΕΔ.

ɾ·ͣ, x=(x1, · · ·, xn+1)∈U ʹରͯ͠ ϕ(x)≡
(

x1
1−xn+1

, · · ·, xn
1−xn+1

)
∈RnͰ ϕ :U→RnΛఆٛ͢Δ.*4

ɾ͜͜Ͱ, y=(y1, · · ·, yn)∈Rnʹରͯ͠ ϕ(x)=y Λຬͨ͢ x∈Sn͸ xi=(1−xn+1)yi, x1
2+· · ·+xn+1

2=1ΑΓ xn+1=
‖y‖2−1
‖y‖2+1

, ͢ͳΘͪ

ɾϕ−1(y)=
(

2y1
‖y‖2+1

, · · ·, 2yn
‖y‖2+1

, ‖y‖2−1
‖y‖2+1

)
Ͱߏ੒͞ΕΔ͔Β ϕ :U→Rn͸ಉ૬ࣸ૾Ͱ͋Δ.

ɾ1ݩ࣍ͷෳૉଟ༷ମͱͯ͠ಉ༷ʹߏ੒ͨ͠ S2Λ Riemann໘ͱݺͼ, (U,ϕ)ͱ (V,ψ)ͷؒͷ࠲ඪม׵͸ ψ◦ϕ−1(z)=1/z̄ Ͱ͋Δ.

ɾ͜͜Ͱ ψ(x)≡ψ(x)ͰఆΊΒΕΔ ψ ͸ಉ૬ࣸ૾Ͱ͋Δ͔Β, (U,ϕ)ͱ (V,ψ)ͷؒͷ࠲ඪม׵͸ ψ◦ϕ−1(z)=1/z Ͱ͋Δ.
ɾΑͬͯ Riemann໘͸2ͭͷ CͷషΓ߹ΘͤͱରԠ͚ͮΒΕ, Ұํͷ 0͸΋͏ҰํͰ͸ແݶԕ఺ʹ૬౰͢Δ.
ɾmݩ࣍ Crڃଟ༷ମͱ nݩ࣍ Crڃଟ༷ମͷੵۭؒ͸ࣗવʹ (m+n)ݩ࣍ Crڃଟ༷ମͱͳΓ, ͜ΕΛੵଟ༷ମͱݺͿ.
ɾ(ಛʹ nݸͷ S1 ͷੵଟ༷ମΛ nݩ࣍ͷτʔϥεͱݺͿ.)
ɾCrڃଟ༷ମͷ։ू߹͸෦෼Ґ૬ۭؒͱͯ͠ Crڃଟ༷ମͰ͋Γ, ͜ΕΛ։෦෼ଟ༷ମ (open submanifold)ͱݺͿ.
ɾ0ݩ࣍ଟ༷ମ͸཭ۭؒࢄͰ͋Δ.
ɾm×nྻߦશମͷू߹Matm×n(R)͔Β Rmn΁ͷશ୯ࣹΛ༻͍Ε͹, Rmnͱಉ૬Ͱ͋ΔΑ͏ͳMatm×n(R)ͷҐ૬͕ߏ੒͞ΕΔ͔Β,
ɾMatm×n(R)͸mnݩ࣍ଟ༷ମͰ͋Δ.
ɾ͜͜Ͱؔࣜྻߦ਺ det :Matn×n(R)→Rͷ࿈ଓੑΑΓ, Ұൠઢ܈ܗ GLn(R)=det−1(R−{0})͸Matn×n(R)ͷ։ू߹Ͱ͋Δ͔Β n2ݩ࣍ଟ༷ମ
ɾͰ͋Δ.*5

♦ େΞτϥεۃ

Crڃଟ༷ମʹରͯ͠࿨ू߹͕ CrڃΞτϥεͰ͋Δ2ͭͷ CrڃΞτϥε͸ಉ஋Ͱ͋Δͱ͍͏.*6*7

S ͱಉ஋ͳ CrڃΞτϥεͷ࿨ू߹M Λ (S ͔Βఆ·Δ) CrۃڃେΞτϥεͱݺͼ, S ͸M ʹैଐ͢Δͱ͍͏.
͢ͳΘͪۃେΞτϥε͸ͦΕͱಉ஋ͳΞτϥεΑΓ΋ଟ͘ͷ࠲ඪۙ๣Λ΋ͭ.

*1 f(x)Λ (O, f)ʹؔ͢Δ x∈O ͷہॴ࠲ඪͱݺͿ.
*2 ͜Ε͸࠲ඪۙ๣Λߏ੒͢Δ։ू߹શମͷू߹͕ X ͷඃ෴Ͱ͋Δ͜ͱͱಉٛͰ͋Δ. ·ͨ, ඪۙ๣શମͷू߹ΛΞτϥε࠲ (atlas) ͱݺͼ, Ґ૬ଟ༷ମ͸Ґ
૬ۭؒͱΞτϥεͰಛ௃͚ͮΒΕΔ.

*3 ͳ͍ଟ༷ମ͸͠ࡏ௨෦෼͕ଘڞඪۙ๣ͷ࠲ C∞ڃଟ༷ମͱͯ͠ѻΘΕΔ.
*4 ϕΫτϧํఔࣜ p+t(x−p)=(tx1, · · ·, txn, txn+1+(1−t))Λҙࣝͨ͠ఆٛͰ͋Δ.
*5 ಉ༷ʹ GLn(C)͸ 2n2 .ଟ༷ମͰ͋Δݩ࣍
*6 ͢ͳΘͪҰํʹଐ͢Δ࠲ඪۙ๣ͱ΋͏Ұํʹଐ͢Δ࠲ඪۙ๣ͷؒͷ࠲ඪม׵΋ CrڃͰ͋Δ.
*7 ଟ༷ମͷݩ࣍ͳͲಉ஋ͳΞτϥεΛ΋ͭଟ༷ମͰڞ௨͢Δੑ࣭Λଟ༷ମͷੑ࣭ͱݺͿ.



———————————————————————————–
♣ ୈ2ষ ࣹӨۭؒ
———————————————————————————–
♦ ࣮ࣹӨۭؒ

ମʹରࣹͯ͠Өۭؒͱݺ͹ΕΔ C∞ڃଟ༷ମΛߏ੒͢Δ͜ͱ͕Ͱ͖Δ.
y= txΛຬͨ͢ t∈R×͕ଘ͢ࡏΔΑ͏ͳ x, y∈Rn+1−{0}ͷؔ܎͸ಉ஋ؔ܎Ͱ͋Γ, ͜ͷͱ͖ͷ঎ۭؒ RPn Λ࣮ࣹӨۭؒ (real projective space)ͱݺͿ.
͜͜Ͱ୅ද͕ݩ (a0, · · ·, an)Ͱ͋Δಉ஋ྨΛ [a0, · · ·, an]ͱද͠ه, ͜ΕΛ RPn ͷ੪࠲࣍ඪ (homogeneous coordinate)ͱݺͿ.

x=±y Λຬͨ͢ x, y∈Sn ͷؔ܎ R͸ಉ஋ؔ܎Ͱ͋Γ, f̄([x])≡ [x/‖x‖]Ͱఆٛ͞ΕΔ f̄ :RPn→Sn/R͸શ୯ࣹͰ͋Δ.*8

͜͜Ͱ, f(x)≡x/‖x‖Ͱఆٛ͞ΕΔ f :Rn+1−{0}→Sn Λ༻͍ͯ f̄ ͕ಉ૬ࣸ૾Ͱ͋Δ͜ͱ͕ࣔ͞ΕΔ.
—————————————————————————————————————————————————————————————–
ࣗવͳશࣹ π1 :Rn+1−{0}→RPn ͱ π2 :Sn→Sn/Rʹରͯ͠, π2◦f ͷ࿈ଓੑΑΓ f̄ ͸࿈ଓͰ͋Δ.
·ͨ, g(x)≡xͰఆٛ͞ΕΔ g :Sn→Rn+1−{0}Λ༻͍Ε͹ ḡ([x])≡ [x]Ͱແໃ६ʹఆٛ͞ΕΔ ḡ :Sn/R→RPn ͷ࿈ଓੑ΋ࣔ͞ΕΔ.
͜͜Ͱ f̄ ͱ ḡ ͸૾ࣸٯʹ͍ޓͰ͋Δ͔Βಉ૬ࣸ૾Ͱ͋Δ.
—————————————————————————————————————————————————————————————–

(ྫ)ɾRP 1 ͸ S1/Rͱಉ૬Ͱ͋Γ, ͜Ε͸ด্൒ԁपͷ୺఺ͷू߹ʹؔ͢Δ઀ணۭؒͱಉ૬Ͱ͋Δ͔Β RP 1 ͸ S1 ͱಉ૬Ͱ͋Δ.
ɾRP 2 ͸ S2/Rͱಉ૬Ͱ͋Γ, ͜Ε͸ด্൒ٿ໘ͷ੺ಓ্ͷରᪧ఺ͷରʹؔ͢Δ઀ணۭؒͱಉ૬Ͱ͋Δ.
ɾ࣮ࡍ, H2≡{(x, y, z)∈R3 | x2+y2+z2=1, z≥0}ͱ D2≡{(x, y)∈R2 | x2+y2≤1}ʹରͯ͠ φ(x, y, z)≡(x, y)Ͱఆٛ͞ΕΔ φ :H2→D2 ͸ಉ
ɾ૬ࣸ૾Ͱ͋Γ, a=±bΛຬͨ͢ a, b∈{(x, y, z)∈H2 | z=0}ͷಉ஋ؔ܎Λ R′, a=±bΛຬͨ͢ a, b∈{(x, y)∈D2 | x2+y2=1}ͷಉ஋ؔ܎Λ R′′

ɾͱ͢Ε͹, ಉ૬ࣸ૾ φ̄ :H2/R′→D2/R′′ ͕ࣗવʹߏ੒͞ΕΔ.
ɾ͕ͨͬͯ͠, RPn,S2/R,H2/R′,D2/R′′ Ͱ͋Δ͔Β D2/R′′ ͸͓ͦΒ͘ RPn Λਤࣔ͢Δ༗༻ͳํ๏Ͱ͋Δ.

͜͜Ͱ, RPn Λߏ੒͢Δಉ஋ؔ܎͸։ಉ஋ؔ܎Ͱ͋Δ.
—————————————————————————————————————————————————————————————–
Rn+1−{0}ͷ։ू߹ U ʹରͯ͠ π−1(π(U))=∪{tu | t∈R−{0}, u∈U}Ͱ͋Γ, t∈R−{0}Λֻ͚Δࣸ૾͸ Rn+1−{0}ͷؒͷಉ૬ࣸ૾Ͱ͋Δ͔Β,
π−1(π(U))͸ Rn+1−{0}ͷ։ू߹Ͱ͋Δ.
͕ͨͬͯ͠, π ͸։ࣸ૾Ͱ͋Δ.
—————————————————————————————————————————————————————————————–
͕ͨͬͯ͠, Rn+1−{0}͸ୈ2ՄۭؒࢉͰ͋Δ͔Β, RPn ΋ୈ2ՄۭؒࢉͰ͋Δ.

·ͨ, RPn ͸ HausdorffۭؒͰ͋Δ.
—————————————————————————————————————————————————————————————–
લड़ͷಉ஋ؔ܎ͷάϥϑ Rͷݩ (x, y)ʹରͯ͠, R͸ rank(xy)≤1Λຬͨ͢ (x, y)∈(Rn+1−{0})×(Rn+1−{0})શମͷू߹ʹରԠ͢Δ.
͜Ε͸ (xy)ͷ2×2খ͕ࣜྻߦৗʹ0Ͱ͋Δ͜ͱͱಉ஋Ͱ͋Γ, R͸༗ݸݶͷଟ߲ࣜͷྵ఺ू߹Ͱ͋Δ͔Β (Rn+1−{0})×(Rn+1−{0})ͷ։ू߹Ͱ͋Δ.
—————————————————————————————————————————————————————————————–

RPn ͷ੪࠲࣍ඪ [a0, · · ·, an]ʹରͯ͠ Ui≡{[a0, · · ·, an]∈RPn | ai .=0}͕ແໃ६ʹఆٛ͞Ε, π−1(Ui)͸ Rn+1−{0}ͷ։ू߹Ͱ͋Δ͔Β Ui ͸ RPn ͷ
։ू߹Ͱ͋Δ.
φ0([a0, · · ·, an])≡(a1/a0, · · ·, an/a0)Ͱఆٛ͞ΕΔ φ0 :U0→Rn ͸, ψ0(a0, · · ·, an)≡(a1/a0, · · ·, an/a0)Ͱఆٛ͞ΕΔ ψ0 :π−1(U0)→Rn ͷ࿈ଓੑΑ
Γ࿈ଓͰ͋Δ͠, (b1, · · ·, bn) /→ [1, b1, · · ·, bn]͸ φ0 ͷ૾ࣸٯͰ࿈ଓͰ͋Δ͔Β φ0 ͸ಉ૬ࣸ૾Ͱ͋Δ.
Αͬͯಉ༷ʹಉ૬ࣸ૾ φi :Ui→Rn Λߏ੒͢Ε͹ {(Ui,φi)}͸ RPn ͷΞτϥεͰ͋Γ, ͜ΕΛඪ४Ξτϥε (standard atlas)ͱݺͿ.
ඪ४Ξτϥε͸ C∞ڃΞτϥεͰ͋Δ.
—————————————————————————————————————————————————————————————–
[a0, · · ·, an](a0 .=0, a1 .=0) ͷ U0 ʹ͓͚Δہॴ࠲ඪΛ x1, · · ·, xn, U1 ʹ͓͚Δہॴ࠲ඪΛ y1, · · ·, yn ͱ͢Ε͹, U0 ͔Β U1 ΁ͷ࠲ඪม׵͸ (φ1◦φ−1

0 )(x)=
(1/x1, x2/x1, · · ·, xn/x1)Ͱ͋Γ, φ0(U0∩U1)্Ͱ͸ x1 .=0Ͱ͋Δ͔Β͜Ε͸ C∞ؔڃ਺Ͱ͋Δ.
—————————————————————————————————————————————————————————————–

*8 ͢ͳΘͪ௚ઢʹରͯ͠ରᪧ఺ͷϖΞΛରԠ͍ͤͯ͞Δ.



———————————————————————————–
♣ ୈ3ষ ଟ༷ମؒͷࣸ૾
———————————————————————————–
♦ ଟ༷ମؒͷࣸ૾

Crڃଟ༷ମؒͷ࿈ଓࣸ૾ f :X→Y ͱ f(O)⊂O′ Λຬͨ͢ X ͷ࠲ඪۙ๣ (O,ϕ)ͱ Y ͷ࠲ඪۙ๣ (O′,ψ)ʹରͯ͠ ψ◦f ◦ϕ−1Λ f ͷہॴ࠲ඪදࣔͱݺͼ,
͜Ε͕ CsڃͰ͋Δ࠲ඪۙ๣Λ f ͷ Cs࠲ڃඪۙ๣ͱݺͿ.*9

͜͜Ͱ, 1఺ʹؔ͢Δ f ͷ CsੑڃΛͦΕΛؚΉ࠲ඪۙ๣ͷ CsੑڃͰఆٛ͢Δ.*10

ͨͩ͜͠ͷఆٛ͸࠲ඪۙ๣ʹΑΒͳ͍͔Βແໃ६Ͱ͋Δ.
—————————————————————————————————————————————————————————————–
1఺ΛؚΉ (U,ϕ)ͱ (V,ψ)͕ f ͷ Cs࠲ڃඪۙ๣Ͱ͋ΔͳΒ͹, ͦͷ఺ΛؚΉ (U ′,ϕ′)ͱ (V ′,ψ′)͕ f ͷ Cs࠲ڃඪۙ๣Ͱ͋Δ͜ͱΛࣔ͢.
͜͜Ͱ (U ′,ϕ′)ͱ (V ′,ψ′)ʹؔ͢Δ f ͷہॴ࠲ඪදࣔ͸ ψ′◦f ◦ϕ′−1=(ψ′◦ψ−1)◦(ψ◦f ◦ϕ−1)◦(ϕ◦ϕ′−1)Ͱ͋Γ,
ϕ◦ϕ′−1 ͸ (U ′,ϕ′)͔Β (U,ϕ)΁ͷ࠲ඪม׵, ψ′◦ψ−1 ͸ (V,ψ)͔Β (V ′,ψ′)΁ͷ࠲ඪม׵, ψ◦f ◦ϕ−1 ͸ (U,ϕ)ͱ (V,ψ)ʹؔ͢Δ f ͷہॴ࠲ඪදࣔͰ͋
Δ͔Β ψ′◦f ◦ϕ′−1 ͸ CsڃͰ͋Δ.*11

—————————————————————————————————————————————————————————————–

֤఺Ͱ CsڃͰ͋Δ f Λ Cs૾ࣸڃ (mapping of class Cs)ͱݺͿ.*12

͜͜Ͱ, Cs૾ࣸڃͷ߹੒ࣸ૾͸ CsڃͰ͋Δ.
—————————————————————————————————————————————————————————————–
f :X→Y ͱ g :Y →Z ͕ Cs૾ࣸڃͰ͋ΔͳΒ͹, g◦f :X→Z ͕ Cs૾ࣸڃ (s≥1)Ͱ͋Δ͜ͱΛࣔ͢. (s=0Ͱ͋Δ৔߹͸໌Β͔.)
͜͜Ͱ g(V )⊂W Λຬͨ͢ f(p)ͷ࠲ඪۙ๣ (V,ψ)ͱ g(f(p))ͷ࠲ඪۙ๣ (W, ξ)ʹؔ͢Δ g ͷہॴ࠲ඪදࣔ ξ◦g◦ψ−1 ͸ Cs૾ࣸڃͰ͋Δ͠, f ͷ࿈ଓੑΑΓ
f(U)⊂V Λຬͨ͢ pͷ࠲ඪۙ๣ (U,ϕ)͕ଘ͢ࡏΔ͔Β, (U,ϕ)ͱ (V,ψ)ʹؔ͢Δ f ͷہॴ࠲ඪදࣔ ψ◦f ◦ϕ−1 ͸ Cs૾ࣸڃͰ͋Δ.
Αͬͯ ξ◦(g◦f)◦ϕ−1=(ξ◦g◦ψ−1)◦(ψ◦f ◦ϕ−1)͸ Cs૾ࣸڃͰ͋Δ.*13

—————————————————————————————————————————————————————————————–

(ྫ)ɾX ͷ೚ҙͷ࠲ඪۙ๣ʹ͓͚Δہॴ࠲ඪද͕ࣔ CsڃͰ͋Δ f :X →R͸ Cs૾ࣸڃͰ͋Γ, ͜ΕΛ Csؔڃ਺ (function of class Cs)ͱݺͿ.
ɾ͜͜Ͱ Csؔڃ਺͸ಉ஋ͳΞτϥεʹରͯ͠΋ Csؔڃ਺Ͱ͋Δ͔Β, X ্ͷ Csؔڃ਺͸௨ৗ, X ͷۃେΞτϥεʹରͯ͠༩͑ΒΕΔ.
ɾ·ͨ, ඪදࣔͷภಋؔ਺Λ࠲ॴہ Csؔڃ਺ͷภಋؔ਺ͱݺͿ.
ɾRͷ։۠ؒ (a, b)͔Β Crڃଟ༷ମ X ΁ͷ Cs૾ࣸڃΛ Csۂڃઢ (Cs curve)ͱݺͼ, .ͿݺΛύϥϝʔλͱݩҬͷ࢝
ɾCrڃଟ༷ମ X ͷ։෦෼ଟ༷ମ X′ ʹରͯ͠แؚࣸ૾͸ Cr૾ࣸڃͰ͋Δ.
ɾCrڃଟ༷ମؒͷ Cs૾ࣸڃ f :X→Y ͷ࢝ҬΛ X ͷ։ू߹ʹ੍ͨ͠ݶ΋ͷ͸, แؚࣸ૾ͱ f ͷ߹੒ࣸ૾Ͱ͋Δ͔Β Cs૾ࣸڃͰ͋Δ.
ɾCrڃଟ༷ମ X,Y ʹରࣹͯ͠Ө π :X×Y →X ͸ Cr૾ࣸڃͰ͋Δ.
ɾ࣮ࡍ, (p, q)∈X×Y ʹରͯ͠ (U,ϕ)ͱ (V,ψ)Λ pͱ q ΛؚΉ࠲ඪۙ๣ͱ͢Ε͹, ϕ◦π◦(ϕ×ψ)−1(x1, . . ., xm, y1, · · ·, yn)=(x1, · · ·, xm)ΑΓ
ɾπ ͷہॴ࠲ඪදࣔ͸ Cr૾ࣸڃͰ͋Δ.

Crڃଟ༷ମؒͷશ୯ࣹͳ Cs૾ࣸڃͰ૾ࣸٯ΋ CsڃͰ͋Δ΋ͷΛ Csڃඍ෼ಉ૬ࣸ૾ (Cs diffeomorphism) ͱݺͼ, ͜ͷͱ͖ͷ࢝ҬͱऴҬ͸ Csڃඍ෼ಉ૬
(Cs diffeomorphic)Ͱ͋Δͱ͍͏.
໌Β͔ʹඍ෼ಉ૬ࣸ૾ͷ߹੒ࣸ૾͸ඍ෼ಉ૬ࣸ૾Ͱ͋Δ.

nݩ࣍ Crڃଟ༷ମ X ͷ։ू߹ O ͔Β Rn ͷ։ू߹ O′ ΁ͷಉ૬ࣸ૾ f ʹରͯ͠, (O, f)͕ Cr࠲ڃඪۙ๣Ͱ͋Δ͜ͱͱ f ͕ Crڃඍ෼ಉ૬ࣸ૾Ͱ͋Δ͜ͱ
ͱ͸ಉ஋Ͱ͋Δ.
—————————————————————————————————————————————————————————————–
(ඞཁੑ) f ͷہॴ࠲ඪදࣔ͸߃౳ࣸ૾Ͱ͋Δ͠, f−1΋ಉ༷Ͱ͋Δ͔Β͜Ε͸ Cr૾ࣸڃͰ͋Δ.
(े෼ੑ) X ͷඃ෴Ͱ͋Δͱ͸ݶΒͳ͍ Cr࠲ڃඪۙ๣ܥ S={(Uα,ϕα)}ʹରͯ͠, ϕα ͸ಉ༷ʹ Crڃඍ෼ಉ૬ࣸ૾Ͱ͋Δ͔Β, (O, f)͔Β (Uα,ϕα)΁ͷ࠲
ඪม׵͸ Crڃඍ෼ಉ૬ࣸ૾ͷ߹੒ࣸ૾Ͱ͋Δ.
—————————————————————————————————————————————————————————————–

*9 ͢ͳΘͪ O ͷہॴ࠲ඪΛ (x1, · · ·, xm), O′ ͷہॴ࠲ඪΛ (y1, · · ·, yn)ͱͨ͠ͱ͖ʹ yi(x1, · · ·, xm)͕͢΂ͯ CsڃͰ͋Δ͜ͱͰ͋Δ.
*10 O′ ͕༩͑ΒΕͨͱ͖ f ͷ࿈ଓੑΑΓ f(O)⊂O′ Λຬͨ͢ O ͕ඞͣଘ͢ࡏΔ͔Β, ͜ͷ৚݅ΛԾఆ͢Δඞཁ͸ͳ͍.
*11 ͢ͳΘͪ ϕ◦ϕ′−1 Ͱ x′

i Λ xi ͷؔ਺Ͱද͠, ψ′◦f ◦ϕ−1 Ͱ xi Λ yi ͷؔ਺Ͱද͠, ψ◦ψ−1 Ͱ yi Λ y′i ͷؔ਺Ͱදͨ͠ͷͰ͋Δ.
*12 ͢ͳΘͪ, Cs૾ࣸڃ͸೚ҙͷ఺ͱͦͷ࠲ඪۙ๣ʹؔͯ͠ہॴ࠲ඪද͕ࣔ CsڃͰ͋Δ.
*13 ͢ͳΘͪ ψ◦f ◦ϕ−1 Ͱ yi Λ xi ͷؔ਺Ͱද͠, ξ◦g◦ψ−1 Ͱ zi Λ yi ͷؔ਺Ͱදͨ͠ͷͰ͋Δ.



———————————————————————————–
♣ ୈ4ষ ઀ϕΫτϧۭؒ
———————————————————————————–
♦ ઀ϕΫτϧۭؒͱ଎౓ϕΫτϧ

p∈X ͷۙ๣Ͱఆٛ͞Εͨ Crؔڃ਺ʹର࣮ͯ͠਺Λ૟͖ग़ࣸ͢૾ͰҎԼΛຬͨ͢΋ͷΛ pʹ͓͚Δ఺ಋ෼ (point-derivation)ͱݺͿ.*14

1) pͷ͋Δۙ๣Ͱ φ=ψ Ͱ͋ΔͳΒ͹, v(φ)=v(ψ)Ͱ͋Δ.
2) pͷۙ๣Ͱఆٛ͞Εͨ φ, ψ ʹରͯ͠ v(aφ+bψ)=av(φ)+bv(ψ) (a, b∈R)Ͱ͋Δ͠, v(φψ)=v(φ)ψ(p)+φ(p)v(ψ)Ͱ͋Δ.

pʹ͓͚Δ఺ಋ෼શମͷू߹ Dr
p(X)͸ u+v(φ)≡u(φ)+v(φ), av(φ)≡v(aφ) (u, v∈Dr

p(X), a∈R)Ͱఆٛ͞ΕͨԋࢉʹΑͬͯ R্ͷઢۭؒܗͱͳΔ.*15

·ͨ, X ͷ։ू߹ U ্ͷ Crؔڃ਺ʹରͯ͠, U ͷݩʹରͯ͠఺ಋ෼ (͕ Crؔڃ਺ʹରͯ͠૟͖ग़͢஋)Λ૟͖ग़ࣸ͢૾ΛରԠͤ͞Δࣸ૾ Cr(U)→Cr(U)
Λ U ʹ͓͚Δಋ෼ (derivation)ͱݺͿ. (໌Β͔ʹಋ෼શମͷू߹΋ R্ͷઢۭؒܗͰ͋Δ.)

pͷۙ๣Ͱఆٛ͞Εͨ Crؔڃ਺ φ :X→Rʹରͯ͠ ∂φ/∂xi(p)(ہॴ࠲ඪදࣔͷภඍ෼܎਺)Λ૟͖ग़ࣸ͢૾ (∂/∂xi)p ͸ pʹ͓͚Δ఺ಋ෼Ͱ͋Γ, ಠཱ࣍1
Ͱ͋Δ.
(∂/∂xi)p Ͱੜ੒͞ΕΔ෦෼ۭؒ Tp(X)Λ pʹ͓͚Δ X ͷ઀ϕΫτϧۭؒ (tangent vector space)ͱݺͼ, ͜Ε͸࠲ඪۙ๣ʹґΒͳ͍.*16

—————————————————————————————————————————————————————————————–
pΛؚΉ࠲ඪۙ๣ (U,ϕ)ͷہॴ࠲ඪ xi ͱ (V,ψ)ͷہॴ࠲ඪ yi ʹରͯ͠, ߹੒ؔ਺ͷඍ෼๏ΑΓҎԼ͕੒Γཱͭ.*17

∂φ

∂xi
(p)=

∂(φ◦ϕ−1)

∂xi
(p)=

∂((φ◦ψ−1)◦(ψ◦ϕ−1))

∂xi
(p)=

n∑

j=1

∂(yj ◦ϕ−1)

∂xi

∂(φ◦ψ−1)

∂yj
(p)=

n∑

j=1

∂yj
∂xi

∂φ

∂yj
(p)

͕ͨͬͯ͠ (∂/∂x1)p, · · ·, (∂/∂xn)p ͸ (∂/∂y1)p, · · ·, (∂/∂yn)p ͕ੜ੒͢Δ෦෼ۭؒʹଐ͢Δ͠, .΋ಉ༷Ͱ͋Δٯ
—————————————————————————————————————————————————————————————–

f(0)=pΛຬͨ͢ Crۂڃઢ f :R→X ͕༩͑ΒΕͨͱ͖, φʹରͯ͠ φ◦f(t)ͷ t=0ʹ͓͚Δඍ෼܎਺Λ૟͖ग़ࣸ͢૾ vf ͸ pʹ͓͚Δ఺ಋ෼Ͱ͋Γ, ͜Ε
Λ f ͷ t=0ʹ͓͚Δ଎౓ϕΫτϧͱݺͿ.
͜͜Ͱ, ҎԼ͕੒Γཱͭ.

1) f ͷ଎౓ϕΫτϧ͸઀ϕΫτϧͰ͋Δ.
2) X ͷ઀ϕΫτϧ͕ (t=0ʹ͓͚Δ)଎౓ϕΫτϧͰ͋ΔΑ͏ͳ Crۂڃઢ g :R→X (g(0)=p)͕ଘ͢ࡏΔ.

—————————————————————————————————————————————————————————————–
1) pΛؚΉ࠲ඪۙ๣ (O,ϕ)ͱ pͷ։ۙ๣Ͱఆٛ͞Εͨ Crؔڃ਺ φʹରͯ͠ҎԼ͕੒Γཱͭ.

vf (φ)=
d(φ◦f)

dt
(0)=

n∑

i=1

dxi

dt
(0)

∂(φ◦ϕ−1◦ϕ◦f)
∂xi

(p)=
n∑

i=1

dxi

dt
(0)

∂(φ◦ϕ−1)

∂xi
(p)

2) pΛؚΉ࠲ඪۙ๣ (x1, · · ·, xn)ʹରͯ͠ v=
∑

vi(∂/∂xi)p ͱ͢Ε͹, g(t)=(a1+v1t, · · ·, an+vnt)Ͱہॴ࠲ඪදࣔ͞ΕΔ g ͸ද୊Λຬͨ͢.
—————————————————————————————————————————————————————————————–

·ͨ, ҎԼ͕੒Γཱͭ.
1) C∞ڃଟ༷ମͰ͸ Tp(X)=D∞

p (X)Ͱ͋Δ. 2) Crڃଟ༷ମͰ͸ Tp(X)!Dr
p(X)Ͱ͋Δ.

—————————————————————————————————————————————————————————————–
1) ·ͣ, v∈D∞

p (X)͸ఆ਺ؔ਺ʹରͯ͠0Λ૟͖ग़͢. ,ࡍ࣮) f(x)≡1Ͱఆٛ͞ΕΔ f :X→Rʹରͯ͠ v(f)=v(ff)=2v(f)ΑΓ v(f)=0Ͱ͋Δ͔Β,

g(x)≡aͰఆٛ͞ΕΔ g :X→Rʹରͯ͠ v(g)=v(af)=av(f)=0Ͱ͋Δ.)
͜͜Ͱ, pΛؚΉ࠲ඪۙ๣ (U,ϕ)͕ ϕ(p)=(0, · · ·, 0)Λຬͨ͢ͳΒ͹, TaylorͷఆཧΑΓ pͷۙ๣Ͱఆٛ͞Εͨ C∞ؔڃ਺ f :X→R͸ҎԼΛຬͨ͢.

f(x1, · · ·, xn)=f(0, · · ·, 0)+
∑
∂f/∂xi(0, · · ·, 0)·xi+

∑
gij(x1, · · ·, xn)xixj (gij ͸ pͷۙ๣Ͱఆٛ͞Εͨ C∞ؔڃ਺)

Αͬͯ, ҎԼ͕੒Γཱͭ.
v(f) =

∑
∂f/∂xi(0, · · ·, 0)v(xi)+v(

∑
gijxixj) =

∑
∂f/∂xi(0, · · ·, 0)v(xi)+

∑
(v(gijxi)xj+gijxiv(xj)) =

∑
∂f/∂xi(0, · · ·, 0)v(xi)

͕ͨͬͯ͠, v=
∑

v(xi)(∂/∂xi)p Ͱ͋Δ͔Β, D∞
p (X)⊂Tp(X)Ͱ͋Δ.

—————————————————————————————————————————————————————————————–

(ྫ)ɾRnʹ͓͍ͯ (∂/∂xi)p ͸઀ϕΫτϧۭؒͷجఈͰ͋Δ͔Βશ୯ࣹ (∂/∂xi)p /→ei ʹΑͬͯ Rnͷ઀ϕΫτϧ
∑

ci(∂/∂xi)p Λ (c1, · · ·, cn)∈Rn

ɾͱಉҰ͢ࢹΔ͜ͱ͕Ͱ͖Δ͠, f ͷ଎౓ϕΫτϧ͸ vf =
∑

dxi/dt(∂/∂xi)p Λຬ͔ͨ͢Βಉ༷ʹ (dx1/dt, · · ·, dxn/dt)∈RnͱಉҰ͞ࢹΕΔ.
ɾ(௨ৗ, Euclid্ۭؒͷϕΫτϧղੳʹ͓͚Δ઀ϕΫτϧͱ଎౓ϕΫτϧ͸ऀޙͰ͋Δ.)
ɾpΛؚΉ࠲ඪۙ๣ (O;x1, · · ·, xn)ʹରͯ͠ pͷہॴ࠲ඪΛ (a1, · · ·, an)ͱ͢Ε͹, fi(t)≡(a1, · · ·, ai+t, · · ·, an)Ͱہॴ࠲ඪදࣔ͞ΕΔ fi :R→X
ɾ͸ O ʹඳ͔Εͨ࠲ඪͷୈ i࣠ʹԊ͏ۂઢͰ͋Γ, ͜ͷۂઢͷ଎౓ϕΫτϧ͸ (∂/∂xi)p Ͱ͋Δ.

*14 ҎԼͰఆٛ͢Δྲّྀ΋͋Δ.

pͷۙ๣ U ͱ Crؔڃ਺ φͷ૊ (U,φ)ʹରͯ͠, W Ε͹͢ݶ੍ʹ φ=ψ Ͱ͋ΔΑ͏ͳW ⊂U∩V ͕ଘ͢ࡏΔ (U,φ)ͱ (V,ψ)ʹಉ஋ؔ܎ΛఆΊ, ͜ͷͱ
͖ͷ (U,φ)ͷಉ஋ྨΛ φͷժ (germ)ͱݺͼ, ঎ू߹Λ C∞

p (X)ͱද͢هΔ.

͜͜Ͱ, LeipnizଇΛຬͨ͢ઢ૾ࣸܗ D :C∞
p (X)→RΛ pʹ͓͚Δ఺ಋ෼ͱݺͿ.

*15 pΛؚΉ X ͷ։෦෼ଟ༷ମ U ʹରͯ͠, Dr
p(X)=Dr

p(U)Ͱ͋Δ.
*16 Rnͷ઀ϕΫτϧ͸ nม਺ؔ਺ʹର͢Δઢܗภඍ෼࡞༻ૉͰ͋Δ.
*17 ͨͩ͠, ∂(yj ◦ϕ−1)/∂xi ʹ͓͚Δ yj ͸ ψ ͷఆٛҬΛ U∩V .੒෼දࣔͨ͠΋ͷͰ͋Δͯ͠ݶ੍ʹ



———————————————————————————–
♣ ୈ5ষ ࣸ૾ͷඍ෼
———————————————————————————–
♦ ࣸ૾ͷඍ෼

Cr૾ࣸڃ f :X→Y ͱ p∈X Λ௨Δ Crۂڃઢ g :R→X ʹରͯ͠, f ◦g :R→Y ͸ f(p)∈Y Λ௨Δ CrۂڃઢͰ͋Δ.
͜͜Ͱ, pΛؚΉ X ͷ࠲ඪۙ๣ O ͱ f(p)ΛؚΉ Y ͷ࠲ඪۙ๣ O′ ʹؔ͢Δ f ͷہॴ࠲ඪදࣔ yi=fi(x1, · · ·, xm)͸ CrڃͰ͋Δ͔Β, (ऴҬ͕ O ʹؚ·Ε
ΔΑ͏ʹ g ͷ࢝ҬΛ੍͢ݶΕ͹)ҎԼ͕੒Γཱͭ.

vg=
∑ dxi

dt
(0)

(
∂

∂xi

)

p

vf◦g=
∑(∑ ∂fj

∂xi
(p)

dxi

dt
(0)

)(
∂

∂yi

)

f(p)

͢ͳΘͪҎԼ͕੒Γཱͪ, ґଘ͢Δ͜ͷʹܥඪ࠲ॴہ n×mྻߦ (Jf)p Λ pʹ͓͚Δ f ͷ JacobiྻߦͱݺͿ.



(∂/∂y1)f(p)

.

.

.
(∂/∂yn)f(p)



=





∂f1/∂x1(p) · · · ∂f1/∂xm(p)
.
.
.

. . .
.
.
.

∂fn/∂x1(p) · · · ∂fn/∂xm(p)









(∂/∂x1)p
.
.
.

(∂/∂xm)p





͜͜Ͱ, f :X→Y ʹରͯ͠ҎԼͷࣸ૾Λ p (∈X)ʹ͓͚Δඍ෼ (differential)ͱݺͿ.*18

(df)p :Tp(X)→Tf(p)(Y ) :X ͷ઀ϕΫτϧ v ʹରͯ͠ v=vg Λຬͨ͢ Crۂڃઢ g :R→X Λͱ͖ͬͯͯ vf◦g ΛରԠͤ͞Δࣸ૾
͜Ε͸ઢ૾ࣸܗͰ͋Γ, Jacobiྻߦ͸ (∂/∂xi)p ͱ (∂/∂yi)f(p) ʹؔ͢Δඍ෼ͷදྻߦݱͰ͋Δ.

·ͨ, ઀ϕΫτϧ v ͱ f(p)ͷۙ๣Ͱఆٛ͞Εͨ Crؔڃ਺ ξ :Y →Rʹରͯ͠ ((df)p(v))(ξ)=v(ξ◦f)Ͱ͋Δ.
—————————————————————————————————————————————————————————————–
v ͕଎౓ϕΫτϧͰ͋ΔΑ͏ͳ Crۂڃઢ g :R→X ʹରͯ͠ҎԼ͕੒Γཱͭ.

((df)p(v))(ξ)=vf◦g(ξ)=d(ξ◦f ◦g)/dt(0)=vg(ξ◦f)=v(ξ◦f)
—————————————————————————————————————————————————————————————–

(ྫ)ɾ(df)p((∂/∂xi)p)=
∑
∂fj/∂xi(p)(∂/∂yj)f(p) (yj =fj(x1, · · ·, xn))Ͱ͋Δ.

ɾCrؔڃ਺ f :Rn→Rʹରͯ͠ V (f)≡df(p+tv)/dt|t=0=
∑

vi ·∂f/∂xi(p)Λ p∈Rn ʹ͓͚Δ v ,ͼݺඍ෼ͱ޲ͷํ޲ํ V ͸ pʹ͓͚Δ઀ϕΫτ
ɾϧͰ͋Δ.*19

ɾ͜͜Ͱ, (df)p(V )=
∑

vi(df)p((∂/∂xi)p)=
∑

vi(∂f/∂xi(p)(d/dy)f(p))=V (f)(d/dy)f(p) ΑΓ f ͷඍ෼͸઀ϕΫτϧʹରͯ͠, ͦΕʹରԠ͢Δ
ɾํ޲ͷ f ͷํ޲ඍ෼Λ܎਺ͱ͢Δ઀ϕΫτϧΛ૟͖ग़͢.
ɾCrۂڃઢ f :R→Rn ʹରͯ͠ (df)p((d/dt)p)=

∑
dxi/dt(p)(∂/∂xi)f(p) Ͱ͋Δ͔Β, f ͷඍ෼͸઀ϕΫτϧۭؒͷجఈʹରͯ͠଎౓ϕΫτϧΛ૟

ɾ͖ग़͢.

X,Y, Z ͕ l ,ݩ࣍ mݩ࣍, nݩ࣍ͷ Crڃଟ༷ମͰ͋ΔͳΒ͹, f :X→Y ͱ g :Y →Z ʹରͯ͠ d(g◦f)p=(dg)f(p)◦(df)p Ͱ͋Δ. (߹੒ࣸ૾ͷඍ෼)
—————————————————————————————————————————————————————————————–
v∈Tp(X)͕ t=0ʹ͓͚Δ଎౓ϕΫτϧͰ͋ΔΑ͏ͳ Crۂڃઢ ϕ :R→X ͕ଘ͢ࡏΔ͔Β, ҎԼ͕੒Γཱͭ.

d(g◦f)p(v)=d(g◦f ◦ϕ)/dt|t=0=(dg)f(p)(d(f ◦ϕ)/dt|t=0)=(dg)f(p)◦(df)p(v)
—————————————————————————————————————————————————————————————–
Αͬͯ, Jacobiྻߦʹରͯ͠ J(g◦f)p=(Jf)p◦(Jg)f(p) Ͱ͋Δ.

·ͨ, Crڃඍ෼ಉ૬ࣸ૾ f :X→Y ͷඍ෼͸ (ઢ૾ࣸܗͱͯ͠)ಉ૾ࣸܕͰ͋Γ, (df)−1
p =(df−1)f(p) Ͱ͋Δ.

—————————————————————————————————————————————————————————————–
JacobiྻߦΑΓ X ʹ͓͚Δ߃౳ࣸ૾ͷඍ෼͸ Tp(X)ʹ͓͚Δ߃౳ࣸ૾ͱ౳͍͔͠Β (df−1)f(p)◦(df)p= idTp(X), (df)p◦(df−1)f(p)= idTf(p)(Y ) Ͱ͋Δ.
—————————————————————————————————————————————————————————————–
Αͬͯ, ҎԼ͕੒Γཱͭ.

1) p∈X ΛؚΉ࠲ඪۙ๣Λݻఆ͢Ε͹, J(idX)p=E Ͱ͋Δ.

2) Crڃඍ෼ಉ૬ࣸ૾ͷ࢝ҬͱऴҬͷ࠲ඪۙ๣Λݻఆ͢Ε͹, (Jf)p ͸ਖ਼ଇྻߦͰ͋Γ (Jf−1)f(p)=(Jf)−1
p Ͱ͋Δ.

3) Crڃඍ෼ಉ૬Ͱ͋Δଟ༷ମͷݩ࣍͸Ұக͢Δ.

(ྫ)ɾઢ૾ࣸܗ f :Rm→Rn ʹରԠ͢Δྻߦ A͸ x∈Rm ʹ͓͚Δ JacobiྻߦͰ͋Δ.
ɾಛʹ f ͕ C∞ڃඍ෼ಉ૬ࣸ૾Ͱ͋Δ͜ͱͱ A͕ਖ਼ଇͰ͋Δ͜ͱͱ͸ಉ஋Ͱ͋Δ.

*18 t=0ʹ͓͚Δ f◦g ͷ଎౓ϕΫτϧ͸ t=0ʹ͓͚Δ g ͷ଎౓ϕΫτϧͱͦͷ఺ʹ͓͚Δ JacobiྻߦͰҰҙʹߏ੒͞ΕΔ͔Β, ඍ෼ͷఆٛ͸ແໃ६Ͱ͋Δ.
*19 ͢ͳΘͪ Rnͷ઀ϕΫτϧ͸ f ʹରͯ͠ v .ඍ෼Λ૟͖ग़͢޲ͷํ޲ํ



———————————————————————————–
♣ ୈ6ষ ඍ෼ͷ୯ࣹੑͱશࣹੑ
———————————————————————————–
♦ ͸ΊࠐΈͱ௜ΊࠐΈ

p∈X ʹରͯ͠ඍ෼͕୯ࣹͰ͋Δ Cr૾ࣸڃ f :X→Y Λ pʹ͓͚Δ͸ΊࠐΈ (immersion)ͱݺͼ, શࣹͰ͋Δ Cr૾ࣸڃΛ pʹ͓͚Δ௜ΊࠐΈ (submersion)
ͱݺͿ. ͜͜Ͱ͢΂ͯͷ఺ʹ͓͚Δ͸ΊࠐΈΛ୯ʹ͸ΊࠐΈͱݺͼ, ௜ΊࠐΈ΋ಉ༷Ͱ͋Δ.
·ͨ, ଟ༷ମͷݩ࣍ͱͦͷ઀ϕΫτϧۭؒͷݩ࣍͸Ұக͢Δ͔Β, ͸ΊࠐΈ͕ଘ͢ࡏΔͳΒ͹ dimX≤dimY Ͱ͋Δ͠, ௜ΊࠐΈ͕ଘ͢ࡏΔͳΒ͹
dimX≥dimY Ͱ͋Δ.

͜͜Ͱ, ඍ෼ͷ૾ۭؒͷݩ࣍Λ p∈X ʹ͓͚Δ f ͷඍ෼ͷ֊਺ (rank)ͱݺͼ, (rank f)(p)ͱද͢هΔ.
͕ͨͬͯ͠, ҎԼ͕੒Γཱͭ.

1) f ͷඍ෼͕શࣹͰ͋Δ͜ͱͱ, dimX≥dimY ͔ͭ f ͷඍ෼ͷ֊਺͕ dimY Ͱ͋Δ͜ͱͱ͸ಉ஋Ͱ͋Δ.
2) f ͷඍ෼͕୯ࣹͰ͋Δ͜ͱͱ, dimX≤dimY ͔ͭ f ͷඍ෼ͷ֊਺͕ dimX Ͱ͋Δ͜ͱͱ͸ಉ஋Ͱ͋Δ.

·ͨ, Jacobiྻߦ͸ඍ෼ͷදྻߦݱͰ͋Δ͔Β, ඍ෼ͷ֊਺ͱ Jacobiྻߦͷ֊਺͸౳͍͠.*20

͜͜Ͱ, Jacobiྻߦ͸ (dimY ×dimX)ྻߦͰ͋Δ͔ΒҎԼ͕੒Γཱͭ͜ͱʹ஫ҙ͞Ε͍ͨ.
1) f ͷඍ෼ͷ֊਺͕ dimY Ͱ͋Δ͜ͱͱ Jacobiྻߦͷ0Ͱͳ͍ (dimY ×dimY )খ͕ࣜྻߦଘ͢ࡏΔ͜ͱͱ͸ಉ஋Ͱ͋Δ.*21

2) f ͷඍ෼ͷ֊਺͕ dimX Ͱ͋Δ͜ͱͱ Jacobiྻߦͷ0Ͱͳ͍ (dimX×dimX)খ͕ࣜྻߦଘ͢ࡏΔ͜ͱͱ͸ಉ஋Ͱ͋Δ.

(ྫ)ɾEuclidۭؒؒͷแؚࣸ૾͸͸ΊࠐΈͰ͋Δ͠, ࣹӨ͸௜ΊࠐΈͰ͋Δ.
ɾX ͷ։෦෼ଟ༷ମ U ʹରͯ͠แؚࣸ૾ U→X ͸͸ΊࠐΈ͔ͭ௜ΊࠐΈͰ͋Δ. (͜ͷΑ͏ʹ, ௜ΊࠐΈ͸શࣹͰ͋Δͱ͸ݶΒͳ͍.)
ɾแؚࣸ૾ Sn→Rn+1 ͸͸ΊࠐΈͰ͋Δ.

ɾ࣮ࡍ, Sn ͷ࠲ඪۙ๣ (U+
n+1,φ

+
n+1)ʹ͓͚Δ i :Sn→Rn+1 ͷہॴ࠲ඪදࣔ͸ (x1, · · ·, xn) /→(x1, · · ·, xn,

√
1−(x2

1+· · ·+x2
n))Ͱ͋Δ͔Β

ɾ(di)p :Tp(Sn)→Ti(p)(Rn+1)͸୯ࣹͰ͋Δ.

ɾf(θ)≡(cos θ, sin θ)Ͱఆٛ͞ΕΔ f :R→R2 ͸͸ΊࠐΈͰ͋Δ.
ɾg(t)≡(t2(1−t)/(t3+(1−t)3), t(1−t)2/(t3+(1−t)3))Ͱఆٛ͞ΕΔ g :R→R2 ͸͸ΊࠐΈͰ͋Γ, ͜ͷ૾ۭؒΛ Descartesͷ༿ઢͱݺͿ.

♦ ྟք఺ͱਖ਼ଇ఺

f :X→Y ʹରͯ͠ඍ෼͕શࣹͰ͋Δ఺Λਖ਼ଇ఺ (regular point)ͱݺͼ, ͦ͏Ͱͳ͍఺Λྟք఺ (critical point)ͱݺͿ.*22

·ͨ, ྟք఺ʹରͯ͠ f ͕૟͖ग़͢஋Λྟք஋ (critical value)ͱݺͼ, ͦΕҎ֎ͷ Y ͷ఺Λਖ਼ଇ஋ (regular value)ͱݺͿ.*23

͜͜Ͱ, Crؔڃ਺ f :X→Rʹରͯ͠ p∈X ͕ f ͷྟք఺Ͱ͋Δ͜ͱͱ ∂f/∂xi(p)=0 (i=1, · · ·, n)Λຬͨ͢ pΛؚΉ࠲ඪۙ๣͕ଘ͢ࡏΔ͜ͱͱ͸ಉ஋Ͱ
͋Δ.
—————————————————————————————————————————————————————————————–
f ͷඍ෼ͷ૾ۭؒ͸ Rͷ෦෼ઢۭؒܗͱಉܕͰ͋Δ͔Βͦͷݩ࣍͸0͋Δ͍͸1Ͱ͋Δ. (͢ͳΘͪ, ඍ෼͸ྵࣸ૾Ͱ͋Δ͔શࣹͰ͋Δ.)
͕ͨͬͯ͠, ඍ෼ͷද͕ྻߦݱ JacobiྻߦͰ͋Δ͜ͱ͔Β, ඍ෼͕શࣹͰͳ͍͜ͱ͢΂ͯͷภඍ෼܎਺͕ 0Ͱ͋Δ͜ͱͱ͸ಉ஋Ͱ͋Δ.
—————————————————————————————————————————————————————————————–

♦ ෦෼ଟ༷ମ

nݩ࣍ Crڃଟ༷ମ X ͷ෦෼ू߹ S ͰҎԼΛຬͨ͢΋ͷΛ k ݩ࣍ Crڃ෦෼ଟ༷ମ (submanifold)ͱݺͿ.*24

ɾp∈S ʹରͯ͠ S∩U ͷݩͷہॴ࠲ඪදࣔͷୈ k+1੒෼Ҏ͕߱ৗʹ0Ͱ͋ΔΑ͏ͳ pΛؚΉ࠲ඪۙ๣ (U,φ)͕ଘ͢ࡏΔ. (͜ͷͱ͖ͷ {(U,φ)}Λద߹͢Δ
(.Ϳݺͱܥඪۙ๣࠲

͜Ε͸ k ݩ࣍ Crڃଟ༷ମͰ͋Δ.
—————————————————————————————————————————————————————————————–
k<nͰ͋Δ৔߹ͷΈΛ͑ߟΕ͹Α͍.
·ͣ, Hausdorffۭؒͷ෦෼Ґ૬ۭؒ͸ HausdorffۭؒͰ͋Δ͠, p∈S ʹରͯ͠ S∩U ͷݩͷہॴ࠲ඪදࣔͷୈ k+1੒෼Ҏ͕߱ৗʹ0Ͱ͋ΔΑ͏ͳ pΛؚΉ
ඪۙ๣Λ࠲ (U,φ)ͱ͢Ε͹, φ(u)=(x1, · · ·, xk, 0, · · ·, 0) (u∈S∩U)ʹରͯ͠ φ′(u)≡(x1, · · ·, xk)Ͱ φ′ :S∩U→Rk͕ఆٛ͞ΕΔ.
͜͜Ͱ, (S∩U,φ′)ͱ (S∩U ′,ψ′)ͷڞ௨෦෼͕ଘ͢ࡏΔͳΒ͹, ψ′◦φ′−1(x1, · · ·, xk)=(y1, · · ·, yk)Ͱ͋Δ͕ ψ◦φ−1 ͷ CrੑڃΑΓ͜Ε͸ Cr૾ࣸڃͰ͋Δ.
Αͬͯ, {(S∩U,φ′)}͸ S ͷ CrڃΞτϥεͰ͋Δ.
—————————————————————————————————————————————————————————————–

(ྫ)ɾS≡(−1, 1)×{0}͸ R2 ͷ1ݩ࣍෦෼ଟ༷ମͰ͋Γ, ͨͱ͑͹ {(−1, 1)×(−1, 1)}͸ద߹͢Δ࠲ඪۙ๣ܥͰ͋Δ.
ɾ۠ؒ (0, 1)Ͱఆٛ͞Εͨؔ਺ f(x)=sin(1/x)ͷάϥϑ Γͱ I≡{(0, y)∈R2 | − 1<y<1}ͷ࿨ू߹͸ R2 ͷ෦෼ଟ༷ମͰͳ͍.*25

*20 ࣸ૾ͷඍ෼͸࠲ඪۙ๣ͷͱΓํʹґΒͳ͍͔Β, Jacobiྻߦͷ֊਺΋࠲ඪۙ๣ͷͱΓํʹґΒͳ͍.
*21 ͢ͳΘͪਖ਼ଇͳ (dimY ×dimY )খ͕ྻߦଘ͢ࡏΔ.
*22 ͢ͳΘͪ, p∈X ͕ f ͷਖ਼ଇ఺Ͱ͋Δ͜ͱͱ f ͕ pʹ͓͚Δ௜ΊࠐΈͰ͋Δ͜ͱͱ͸ಉٛͰ͋Δ.
*23 ͢ͳΘͪ, f ͷऴҬʹଐ͞ͳ͍ݩ΋ਖ਼ଇ஋Ͱ͋Δ.

·ͨ, ਖ਼ଇ఺ʹରͯ͠ f ͕૟͖ग़͕͢ݩਖ਼ଇ஋Ͱ͋Δͱ͸ݶΒͳ͍. ,ࡍ࣮ q∈Y ͕ f ͷྟք஋Ͱ͋Δ͜ͱͱ f−1({q})ʹଐ͢Δྟք఺͕ଘ͢ࡏΔ͜ͱͱ
͸ಉ஋Ͱ͋Δ͠, q∈f(X)͕ f ͷਖ਼ଇ஋Ͱ͋Δ͜ͱͱ f−1({q})ͷ͢΂ͯͷ͕ݩਖ਼ଇ఺Ͱ͋Δ͜ͱͱ͸ಉ஋Ͱ͋Δ.

*24 k=nͰ͋Δͱ͖, S ͕։ू߹Ͱ͋ΔͳΒ͹։෦෼ଟ༷ମͱݺͼ, ดू߹Ͱ͋ΔͳΒ͹ด෦෼ଟ༷ମͱݺͿ.
*25 Γͷดแ (͢ͳΘͪ Γ∪I ͱ1఺ू߹ (1, sin 1), (0, 1), (0,−1)ͷ࿨ू߹)ΛҐ૬زԿֶऀͷਖ਼ۂݭઢͱݺͿ.



♦ ౳Ґू߹

f−1(y)≡{x∈X | f(x)=y}Λ f :X→Y ͷ y∈Y ʹؔ͢Δ౳Ґू߹ (level set)ͱݺͼ, ਖ਼ଇ஋ʹؔ͢Δ౳Ґू߹Λਖ਼ଇ౳Ґू߹ͱݺͿ.*26

(ྫ)ɾS2 ͸ f(x, y, z)≡x2+y2+z2−1Ͱఆٛ͞ΕΔ f :R3→Rͷ 0ʹؔ͢Δ౳Ґू߹Ͱ͋Δ.
ɾ͜͜Ͱ, f ͷྟք఺͸ (0, 0, 0)ͷΈͰ͋Δ͔Β S2 ͸ f ͷਖ਼ଇ౳Ґू߹Ͱ͋Δ.

͜͜Ͱ, ҎԼ͕੒Γཱͭ.
1) C∞ؔڃ਺ g :X→Rʹରͯ͠ਖ਼ଇ౳Ґू߹ g−1(c)͸, f(x)≡g(x)−cͰఆٛ͞ΕΔ f :X→Rͷਖ਼ଇ౳Ґू߹ f−1(0)ͱҰக͢Δ.
2) C∞ؔڃ਺ g :X→Rʹରۭͯ͠Ͱͳ͍ਖ਼ଇ౳Ґू߹ g−1(c)͸ X ͷ n−1ݩ࣍෦෼ଟ༷ମͰ͋Δ.

—————————————————————————————————————————————————————————————–
1) p∈X ͕ g(p)=cΛຬͨ͢͜ͱͱ f(p)=0Λຬͨ͢͜ͱͱ͸ಉ஋Ͱ͋Δ͠, f ͱ g ͸ඍ෼͕౳͍͔͠Βྟք఺͕Ұக͢Δ.
Αͬͯ g−1(c)ʹ g ͷྟք఺͕ଘ͠ࡏͳ͍͜ͱ͔Β f−1(0)ʹ f ͷྟք఺͸ଘ͠ࡏͳ͍.
2) f(x)≡g(x)−cͰ f :X→RΛఆٛ͢Ε͹, p∈g−1(c)͸ f ͷਖ਼ଇ఺Ͱ͋Δ͔Β pΛؚΉ࠲ඪۙ๣ (U,φ)ʹରͯ͠ (∂f/∂xi)(p) .=0Λຬͨ͢ i͕ଘ͢ࡏ
Δ. (Ҏ߱, i=1ͱ͢Δ.)
͜͜Ͱ ψ(p)≡(f(p), x2(p), · · ·, xn(p))Ͱ ψ :U→Rn Λఆٛ͢Ε͹͜ͷϠίϏΞϯ͸ (∂f/∂x1)(p) .=0Ͱ͋Δ͔Β, ਺ఆཧΑΓؔٯ (Up,ψ)͕࠲ඪۙ๣Ͱ͋
ΔΑ͏ͳ pͷۙ๣ Up ͕ଘ͢ࡏΔ.
͕ͨͬͯ͠, {(Up,ψ) | p∈g−1(c)}͸ద߹͢Δ࠲ඪۙ๣ܥͰ͋Γ, g−1(c)͸ X ͷ n−1ݩ࣍෦෼ଟ༷ମͰ͋Δ.
—————————————————————————————————————————————————————————————–

͜Ε͸ҎԼͷΑ͏ʹ֦ு͞ΕΔ.
ਖ਼ଇ౳Ґू߹ఆཧ : C∞૾ࣸڃ f :X→Y ʹରۭͯ͠Ͱͳ͍ਖ਼ଇ౳Ґू߹ f−1(c)͸ X ͷ (dimX−dimY ෦෼ଟ༷ମͰ͋Δ.*27ݩ࣍(

—————————————————————————————————————————————————————————————–
Y ͷ࠲ඪۙ๣ (V,ψ)=(V ; y1, · · ·, ym)͕ ψ(c)=0Λຬͨ͢ͳΒ͹, f−1(V )͸ f−1(c)ΛؚΉ X ͷ։ू߹Ͱ͋Δ͠, f−1(c)=(ψ◦f)−1(0)Ͱ͋Δ.
͜͜Ͱ, fi≡yi◦f Ͱ fi :X→RΛఆٛͯ͠, p∈f−1(c)ΛؚΉX ͷ࠲ඪۙ๣Ͱ U⊂f−1(V )Λຬͨ͢Α͏ͳ (U,ϕ)=(U ;x1, · · ·, xn)ΛͱΕ͹, p͸ f ͷਖ਼ଇ
఺Ͱ͋Δ͔Β Jacobiྻߦ (∂fi/∂xj(p))ͷ֊਺͸ dimY Ͱ͋Δ.
͜ͷͱ͖, (dimY ×dimY ) ϒϩοΫྻߦ (∂fi/∂xj(p))1≤i,j≤m͕ਖ਼ଇྻߦͰ͋Δͱ͢Ε͹, p ΛؚΉ (Up; f1, · · ·, fm, xm+1, · · ·, xn) ͸ X ͷ࠲ඪۙ๣Ͱ͋
Δ. ,ࡍ࣮) pʹ͓͚Δ Jacobiྻߦͷࣜྻߦ͸0Ͱͳ͍͔Β, (.਺ఆཧΑΓ໌Β͔ؔٯ
͕ͨͬͯ͠, {(Up; f1, · · ·, fm, xm+1. · · ·, xn)}͸ద߹͢Δ࠲ඪۙ๣ܥͰ͋Δ.
—————————————————————————————————————————————————————————————–

(ྫ)ɾS≡{(x, y, z)∈R3 | x3+y3+z3=1}͸ R3 ͷ2ݩ࣍෦෼ଟ༷ମͰ͋Δ.
ɾ࣮ࡍ, f(x, y, z)≡x3+y3+z3 Ͱఆٛ͞ΕΔ f :R3→Rʹରͯ͠ S=f−1(1)Ͱ͋Γ, f ͷྟք఺͸ (0, 0, 0)ͷΈͰ͋Δ͔Βਖ਼ଇ౳Ґू߹ఆཧΑΓ໌
ɾΒ͔.
ɾS≡{(x, y, z)∈R3 | x3+y3+z3=1, x+y+z=0}͸ R3 ͷ1ݩ࣍෦෼ଟ༷ମͰ͋Δ.
ɾ࣮ࡍ, f(x, y, z)≡(x3+y3+z3, x+y+z)Ͱఆٛ͞ΕΔ f :R3→R2 ʹରͯ͠ S=f−1(1, 0)Ͱ͋Γ, f ͷྟք఺͸ (0, 0, 0)ͷΈͰ͋Δ͔Βਖ਼ଇ౳Ґ
ɾू߹ఆཧΑΓ໌Β͔.
ɾಛघઢ܈ܗ SLn(R)͸Ұൠઢ܈ܗ GLn(R)ͷ n2−1ݩ࣍෦෼ଟ༷ମͰ͋Δ.
ɾ࣮ࡍ, f(A)≡detAͰఆٛ͞ΕΔ f :GLn(R)→Rʹରͯ͠ SLn(R)=f−1(1)Ͱ͋Γ, ༨Ҽࢠల։ΑΓ f ͷྟք఺͸ྵྻߦͷΈͰ͋Δ͔Βਖ਼ଇ౳Ґ
ɾू߹ఆཧΑΓ໌Β͔.

·ͨ, ҎԼ͕஌ΒΕ͍ͯΔ.
Sardͷఆཧ : C∞૾ࣸڃ f :X→Y ͷྟք஋શମͷू߹͸ Lebesgueଌ౓0Λ΋ͭ.

♦ ͸ΊࠐΈఆཧͱ௜ΊࠐΈఆཧ

·ͣ, ҎԼͷΑ͏ʹ֊਺Ұఆఆཧ͕ଟ༷ମؒʹ֦ு͞ΕΔ.
֊਺Ұఆఆཧ : f :X→Y ͷඍ෼ͷ֊਺͕ p∈X ͷۙ๣Ͱ k Ͱ͋ΔͳΒ͹, (ψ◦f ◦ϕ−1)(x1, · · ·, xm)=(x1, · · ·, xk, 0, · · ·, 0)Λຬͨ͢, pͷہॴ࠲ඪ͕0Ͱ͋
ΔΑ͏ͳ X ͷ࠲ඪۙ๣ (U,ϕ)ͱ f(p)ͷہॴ࠲ඪ͕0Ͱ͋ΔΑ͏ͳ Y ͷ࠲ඪۙ๣ (V,ψ)͕ଘ͢ࡏΔ.
—————————————————————————————————————————————————————————————–
pΛؚΉ X ͷ࠲ඪۙ๣ (Ū , ϕ̄)ͱ f(p)ΛؚΉ Y ͷ࠲ඪۙ๣ (V̄ , ψ̄)ʹରͯ͠ ψ̄◦f ◦ϕ̄−1 ͸ Euclidۭؒͷ։ू߹ͷؒͷࣸ૾Ͱ͋Γ, ψ̄ ͱ ϕ̄͸ඍ෼ಉ૬ࣸ૾
Ͱ͋Δ͔Β, Ũ Ͱ ψ̄◦ϕ̄−1 ͷඍ෼ͷ֊਺͕ k Ͱ͋ΔΑ͏ͳ ϕ̄(p)∈Rm ͷۙ๣ Ũ ͕ଘ͢ࡏΔ.
Αͬͯ, Euclidۭؒʹ͓͚Δ֊਺ҰఆఆཧΑΓ (F ◦ψ̄◦f ◦ϕ̄−1◦G−1)(x1, · · ·, xm)=(x1, · · ·, xk, 0, · · ·, 0)Λຬͨ͢ Ũ ্ͷඍ෼ಉ૬ࣸ૾ Gͱ,
(ψ̄◦f)(p)∈Rn ͷۙ๣ Ṽ ্ͷඍ෼ಉ૬ࣸ૾ F ͕ଘ͢ࡏΔ.
͕ͨͬͯ͠, U= ϕ̄−1(Ũ), V = ϕ̄−1(Ṽ ), ϕ=G◦ϕ̄, ψ=F ◦ψ̄ ͱ͢Ε͹Α͍.
—————————————————————————————————————————————————————————————–

͕ͨͬͯ͠, ҎԼ͕੒Γཱͭ.
֊਺Ұఆ౳Ґू߹ఆཧ : C∞૾ࣸڃ f :X→Y ʹରͯ͠౳Ґू߹ f−1(c)ͷ֤఺Ͱ f ͷඍ෼ͷ֊਺͕ k Ͱ͋ΔͳΒ͹, f−1(c)͸ X ͷ (dimX−k)ݩ࣍෦෼
ଟ༷ମͰ͋Δ.
—————————————————————————————————————————————————————————————–
p∈f−1(c)ʹରͯ͠֊਺ҰఆఆཧΑΓ (ψ◦f ◦ϕ−1)(x1, · · ·, xm)=(x1, · · ·, xk, 0, · · ·, 0)Λຬͨ͢ pͷہॴ࠲ඪ͕0Ͱ͋ΔΑ͏ͳ X ͷ࠲ඪۙ๣ (U,ϕ)ͱ cͷ
ඪ͕0Ͱ͋ΔΑ͏ͳ࠲ॴہ Y ͷ࠲ඪۙ๣ (V,ψ)͕ଘ͢ࡏΔ.
͕ͨͬͯ͠ ϕ(f−1(c))=ϕ(f−1(ψ−1(0)))=(ψ◦f ◦ϕ−1)−1(0)Ͱ͋Δ͔Β ϕ͕ f−1(c)ͷݩʹରͯ͠૟͖ग़͢஋͸ (0, · · ·, 0, xk+1, · · ·, xm)Ͱ͋Δ.
͢ͳΘͪ, {(U,ϕ)}Λద߹͢Δ࠲ඪۙ๣ܥͱ͢Ε͹ f−1(c)͸ (dimX−k)ݩ࣍෦෼ଟ༷ମͰ͋Δ.
—————————————————————————————————————————————————————————————–

(ྫ)ɾ௚ަ܈ On(R)͸Ұൠઢ܈ܗ GLn(R)ͷ෦෼ଟ༷ମͰ͋Δ.
ɾ࣮ࡍ, f(A)≡ tAAͰఆٛ͞ΕΔ f :GLn(R)→GLn(R)ʹରͯ͠ On(R)=f−1(E)Ͱ͋Γ, A∈GLn(R)ʹରͯ͠ B∈GLn(R)ʹؔ͢Δࠨ৐๏Λ
ɾlB , ӈ৐๏Λ rB ͱ͢Ε͹, f ◦rB= ltB◦rB◦f Ͱ͋Δ͔Β߹੒ؔ਺ͷඍ෼๏ΑΓ (df)AB◦(drB)A=(dltB)tAAB◦(drB)tAA◦(df)A Ͱ͋Δ.
ɾ͜͜Ͱ, .Ͱ͋Δ૾ࣸܕ৐๏ͱӈ৐๏͸ඍ෼ಉ૬ࣸ૾Ͱ͋Δ͔Βͦͷඍ෼͸ಉࠨ
ɾΑͬͯ, (rank f)(AB)=(rank f)(A)Ͱ͋Γ Aͱ AB ͸ GLn(R)ͷ೚ҙͷݩͰ͋Δ͔Β֊਺Ұఆ౳Ґू߹ఆཧΑΓ໌Β͔.

͜͜Ͱ, f ͕ pʹ͓͚Δ͸ΊࠐΈ·ͨ͸௜ΊࠐΈͰ͋Δ͜ͱ͸, p∈X ΛؚΉ࠲ඪۙ๣ (U,ϕ)ͱ f(p)∈Y ΛؚΉ࠲ඪۙ๣ (V,ψ)ʹؔ͢ΔϠίϏΞϯͷ֊਺͕
,େͰ͋Δ͜ͱͱಉ஋Ͱ͋Δ͕࠷ f ͷϠίϏΞϯ͕࠷େͰ͋Δ p∈U શମͷू߹͸ U ͷ։ू߹Ͱ͋Δ.
,ࡍ࣮ ͜Εͷิू߹͸ Jacobiྻߦͷ͢΂ͯͷ k×k খ0͕ࣜྻߦͰ͋ΔΑ͏ͳݩશମͷू߹Ͱ͋Δ͔Β, .਺ͷ࿈ଓੑΑΓ໌Β͔Ͱ͋Δؔࣜྻߦ

*26 f :X→Y ͷۭͰͳ͍ਖ਼ଇ౳Ґू߹ͷݩ͸͢΂ͯਖ਼ଇ஋Ͱ͋Δ͔Β, f ͸͜ΕΒʹ͓͚Δ௜ΊࠐΈͰ͋Δ.
*27 ͜ͷٯ͸੒Γཱͨͳ͍. ͨͱ͑͹ f(x, y)≡y2 Ͱఆٛ͞ΕΔ f :R2→Rʹରͯ͠ f−1(0)͸ R2 ͷ෦෼ଟ༷ମͰ͋Δ͕, ͜ͷݩ͸ f ͷྟք఺Ͱ͋Δ͔Β

f−1(0)͸ਖ਼ଇ౳Ґू߹Ͱͳ͍.



͕ͨͬͯ͠, ҎԼ͕੒Γཱͭ.
1) C∞૾ࣸڃ f :X→Y ͕ p∈X ʹ͓͚Δ͸ΊࠐΈͰ͋ΔͳΒ͹, f ͷඍ෼ͷ֊਺͕ dimX Ͱ͋ΔΑ͏ͳ pͷۙ๣͕ଘ͢ࡏΔ.
2) C∞૾ࣸڃ f :X→Y ͕ p∈X ʹ͓͚Δ௜ΊࠐΈͰ͋ΔͳΒ͹, f ͷඍ෼ͷ֊਺͕ dimY Ͱ͋ΔΑ͏ͳ pͷۙ๣͕ଘ͢ࡏΔ.

Αͬͯ, ֊਺ҰఆఆཧΑΓҎԼ͕੒Γཱͭ.*28

͸ΊࠐΈఆཧ : p∈X ʹ͓͚Δ͸ΊࠐΈ f :X→Y ʹରͯ͠, (ψ◦f ◦ϕ−1)(x1, · · ·, xm)=(x1, · · ·, xm, 0, · · ·, 0)Λຬͨ͢, pͷہॴ࠲ඪ͕0Ͱ͋ΔΑ͏ͳ X
ͷ࠲ඪۙ๣ (U,ϕ)ͱ f(p)ͷہॴ࠲ඪ͕0Ͱ͋ΔΑ͏ͳ Y ͷ࠲ඪۙ๣ (V,ψ)͕ଘ͢ࡏΔ.
௜ΊࠐΈఆཧ : p∈X ʹ͓͚Δ௜ΊࠐΈ f :X→Y ʹରͯ͠, (ψ◦f ◦ϕ−1)(x1, · · ·, xn, xn+1, · · ·, xm)=(x1, · · ·, xn)Λຬͨ͢, pͷہॴ࠲ඪ͕0Ͱ͋ΔΑ͏
ͳ X ͷ࠲ඪۙ๣ (U,ϕ)ͱ f(p)ͷہॴ࠲ඪ͕0Ͱ͋ΔΑ͏ͳ Y ͷ࠲ඪۙ๣ (V,ψ)͕ଘ͢ࡏΔ.
͜͜Ͱ, ͸ΊࠐΈఆཧͱ௜ΊࠐΈఆཧ͸֊਺Ұఆఆཧͷಛผͳ৔߹Ͱ͋Δ͕, ਖ਼ଇ౳Ґू߹ఆཧ͸֊਺Ұఆ౳Ґू߹ఆཧͷಛผͳ৔߹Ͱ͋Δ.

·ͨ, ௜ΊࠐΈ͸։ࣸ૾Ͱ͋Δ.
—————————————————————————————————————————————————————————————–
௜ΊࠐΈఆཧΑΓ f :X→Y ͸ہॴతʹࣹӨͰ͋Γ, ࣹӨ͸։ࣸ૾Ͱ͋Δ͔Β, X ͷ։ू߹ O ʹରͯ͠෦෼Ґ૬ۭؒ O ʹ͓͚Δ p∈O ͷ։ۙ๣ U Ͱ
f(U)(⊂f(O))͕։ू߹Ͱ͋Δ΋ͷ͕ଘ͢ࡏΔ.
Αͬͯ, f(O)͸ Y ͷ։ू߹Ͱ͋Δ.
—————————————————————————————————————————————————————————————–

♦ ຒΊࠐΈͱ͸Ίࠐ·Εͨ෦෼ଟ༷ମ

ऴҬΛ෦෼Ґ૬ۭؒ f(X)ʹ੍ͨ͠ݶ΋ͷ͕ಉ૬ࣸ૾Ͱ͋ΔΑ͏ͳ͸ΊࠐΈ f :X→Y ΛຒΊࠐΈ (imbedding)ͱݺͿ.
͜͜Ͱ, ຒΊࠐΈͷ૾ۭؒ͸ Y ͷ෦෼ଟ༷ମͰ͋Δ.
—————————————————————————————————————————————————————————————–
͸ΊࠐΈఆཧΑΓ, p∈X ʹରͯ͠ (ψ◦f ◦ϕ−1)(x1, · · ·, xm)=(x1, · · ·, xm, 0, · · ·, 0)Λຬͨ͢, pͷہॴ࠲ඪ͕0Ͱ͋ΔΑ͏ͳ X ͷ࠲ඪۙ๣ (U,ϕ)ͱ f(p)
ͷہॴ࠲ඪ͕0Ͱ͋ΔΑ͏ͳ Y ͷ࠲ඪۙ๣ (V,ψ)͕ଘ͢ࡏΔ.
͔͠͠, f(U)͕ V ∩f(X)ͷਅ෦෼ू߹Ͱ͋Δ৔߹͸ {(V,ψ)}͸ద߹͢Δ࠲ඪۙ๣ܥͰͳ͍͔Β, V ඪ͕࠲ॴہ͍͓ͯʹ (x1, · · ·, xm, 0, · · ·, 0)Ͱ͋ΔΑ͏ͳ
f(p)ͷۙ๣͕ଘ͢ࡏΔ͜ͱΛࣔ͞ͳ͚Ε͹ͳΒͳ͍.
͜͜Ͱ, ෦෼Ґ૬ۭؒ f(X)͸ X ͱಉ૬Ͱ͋Δ͔Β f(U)͸ f(X)ͷ։ू߹Ͱ͋Γ, V ′∩f(X)=f(U)Λຬͨ͢ Y ͷ։ू߹ V ′ ͕ଘ͢ࡏΔ.
Αͬͯ, V ∩V ′∩f(X)=f(U)Ͱ͋Δ͔Β {(V ∩V ′,ψ)}͸ద߹͢Δ࠲ඪۙ๣ܥͰ͋Δ.
—————————————————————————————————————————————————————————————–
·ͨ, X ͷ෦෼ଟ༷ମ U ʹରͯ͠, แؚࣸ૾ i :U→X ͸ຒΊࠐΈͰ͋Δ.
—————————————————————————————————————————————————————————————–
p∈U ΛؚΉ X ͷద߹͢Δ࠲ඪۙ๣Λ (V,ϕ)ͱ͢Ε͹, U ͷ࠲ඪۙ๣ (V ∩U,ϕ′)ͱ X ͷ࠲ඪۙ๣ (V,ϕ)ʹؔ͢Δแؚࣸ૾ͷہॴ࠲ඪදࣔ͸ (x1, · · ·, xm) /→
(x1, · · ·, xm, 0, · · ·, 0)Ͱ͋Δ. ͕ͨͬͯ͠, แؚࣸ૾͸͸ΊࠐΈͰ͋Δ.
·ͨ, U ͸ X ͷ෦෼Ґ૬ۭؒͰ͋Δ͔Β, ऴҬΛ੍ͨ͠ݶแؚࣸ૾ i :U→ i(U)͸ಉ૬ࣸ૾Ͱ͋Δ.
—————————————————————————————————————————————————————————————–
͕ͨͬͯ͠, ͋ΔຒΊࠐΈͷ૾ۭؒͰ͋Δ͜ͱͱ෦෼ଟ༷ମͰ͋Δ͜ͱͱ͸ಉ஋Ͱ͋Δ͔Β, ෦෼ଟ༷ମΛຒΊࠐ·Εͨ෦෼ଟ༷ମ (imbedded submanifold)
ͱݺͿ͜ͱ͕͋Δ.

(ྫ)ɾแؚࣸ૾ Sn→Rn+1 ͸ຒΊࠐΈͰ͋Δ.
ɾf(θ)≡(cos θ, sin θ)ͷ૾ۭؒ S1 ͸ Rͱಉ૬Ͱͳ͍͔Β, f ͸ຒΊࠐΈͰͳ͍.
ɾDescartesͷ༿ઢ͸ g(0)=g(1)ΑΓ୯ࣹͰͳ͍͔ΒຒΊࠐΈͰͳ͍.

ऴҬΛ f(X)ʹ੍ͨ͠ݶ΋ͷ͕શ୯ࣹͰ͋ΔΑ͏ͳ͸ΊࠐΈʹରͯ͠, ͜ͷશ୯ࣹͳࣸ૾͕ಉ૬ࣸ૾Ͱ͋ΔΑ͏ʹ f(X)ʹ X ͔Β༠ಋ͞ΕΔҐ૬Λ༩͑Δ.
͜Εʹ X ͔Β༠ಋ͞ΕΔΞτϥεΛ༩͑ͨ΋ͷΛ Y ͷ͸Ίࠐ·Εͨ෦෼ଟ༷ମ (immersed submanifold)ͱݺͿ. (͜͜Ͱ, ͸Ίࠐ·Εͨ෦෼ଟ༷ମʹ෦෼
Ґ૬Λ༩͑ͨ΋ͷ͸ଟ༷ମͰ͋Δͱ͸ݶΒͳ͍.)*29

(ྫ)ɾf(t)≡(cos t, sin 2t)Ͱఆٛ͞ΕΔ f : (−π/2, 3π/2)→R2 ͷ૾ۭؒΛ8ͷۂࣈઢͱݺͼ, ͜Ε͸ R2ͷ͸Ίࠐ·Εͨ෦෼ଟ༷ମͰ͋Δ͕, ෦෼ଟ༷ମͰ
ɾ͸ͳ͍.
ɾ·ͨ, g(t)≡(cos t,− sin 2t)Ͱఆٛ͞ΕΔ g : (−π/2, 3π/2)→R2 ͷ૾ۭؒ΋8ͷۂࣈઢͰ͋Δ͕, લड़ͷ͸Ίࠐ·Εͨ෦෼ଟ༷ମͱ͸Ґ૬ͱΞτϥε
ɾ͕ҟͳΔ.

͜͜Ͱ, C∞૾ࣸڃ f :X→Y ͷ૾ۭ͕ؒ Y ͷ෦෼ଟ༷ମ S ʹؚ·Ε͍ͯΔͳΒ͹, ऴҬΛ੍ͨ͠ݶ f̄ :X→S ΋ C∞૾ࣸڃͰ͋Δ.
—————————————————————————————————————————————————————————————–
p∈X ʹରͯ͠ f(p)∈S ΛؚΉద߹͢Δ࠲ඪۙ๣ (V,ψ)=(V ; y1, · · ·, yn)͕ଘ͢ࡏΔ͠, f ͷ࿈ଓੑΑΓ f(U)⊂V Λຬͨ͢ pͷۙ๣ U ͕ଘ͢ࡏΔ.
͜͜Ͱ f(U)⊂V ∩S Ͱ͋Δ͔Β, q∈U ʹରͯ͠ (ψ◦f)(q)=(y1(f(q)), · · ·, ys(f(q)), 0, · · ·, 0)Ͱ͋Δ.
Αͬͯ, ෦෼ଟ༷ମ্ͷہॴ࠲ඪܥΛ ψS :V ∩S→Rsͱ͢Ε͹, ψS ◦f̄=(y1◦f, · · ·, ys◦f)ͷ֤੒෼͸ U ্ͷ C∞ؔڃ਺Ͱ͋Δ.
—————————————————————————————————————————————————————————————–

(ྫ)ɾҰൠઢ܈ܗ GLn(R)ʹ͓͚Δ৐๏͸ C∞૾ࣸڃͰ͋Δ͕, ಛघઢ܈ܗ SLn(R)ʹ͓͚Δ৐๏ͷ C∞ੑڃ͸ඇࣗ໌Ͱ͋Δ.
ɾ͜͜Ͱ, SLn(R)×SLn(R)͸ GLn(R)×GLn(R)ͷ෦෼ଟ༷ମͰ͋Δ͔Β, แؚࣸ૾ i :SLn(R)×SLn(R)→GLn(R)×GLn(R)͸ C∞૾ࣸڃ (ຒ
ɾΊࠐΈ)Ͱ͋Δ.
ɾ͕ͨͬͯ͠, GLn(R)ʹ͓͚Δ৐๏Λ µͱ͢Ε͹ µ◦i΋ C∞૾ࣸڃͰ͋Δ͔Β, SLn(R)ʹ͓͚Δ৐๏΋ C∞૾ࣸڃͰ͋Δ.

*28 ͢ͳΘͪ, ͸ΊࠐΈʹରͯ͠ہॴ࠲ඪද͕ࣔแؚࣸ૾Ͱ͋ΔΑ͏ͳ࠲ඪۙ๣͕ଘ͠ࡏ, ௜ΊࠐΈʹରͯ͠ہॴ࠲ඪද͕ࣹࣔӨͰ͋ΔΑ͏ͳ࠲ඪۙ๣͕ଘࡏ
͢Δ. (͜Ε͕͸ΊࠐΈͱ௜ΊࠐΈͷ໊শͷ༝དྷͰ͋Δ.)

*29 ͸Ίࠐ·Εͨ෦෼ଟ༷ମ͸ଟ༷ମͰ͋Δ͕, ෦෼ଟ༷ମ (ਖ਼ଇ෦෼ଟ༷ମͱݺ͹ΕΔ)ͱ͸ҟͳΔ֓೦Ͱ͋Δ͜ͱʹ஫ҙ͞Ε͍ͨ.



———————————————————————————–
♣ ୈ7ষ 1ͷ෼ׂ
———————————————————————————–
♦ ਺ؔىོ

ଟ༷ମ X ʹରͯ͠ {x∈X | f(x) .=0}ͷดแΛ f :X→Rͷ୆ (support)ͱݺͼ, suppf ͱද͢هΔ.
͜͜Ͱ, x∈X ͷۙ๣ U ʹରͯ͠, ҎԼΛຬͨ͢࿈ଓͳඇෛؔ਺ ρ :X→RΛ U ʹଐ͢Δ xʹ͓͚Δོؔى਺ (bump function)ͱݺͿ.

1) suppρ⊂U Ͱ͋Δ. 2) ρͷ૟͖ग़͢஋͕ৗʹ1Ͱ͋ΔΑ͏ͳ xͷۙ๣͕ଘ͢ࡏΔ.

(ྫ)ɾf(x)≡tan(πx/2)Ͱఆٛ͞ΕΔ f : (−1, 1)→Rͷ୆͸ (−1, 1)Ͱ͋Δ.

ɾf(x)≡






0 (x≤−1, 1≤x)
2x+2 (−1<x<−1/2)
1 (−1/2≤x≤1/2)
−2x+2 (1/2<x<1)

Ͱఆٛ͞ΕΔ f :R→R͸ (−2, 2)ʹଐ͢Δ 0ʹ͓͚Δོؔى਺Ͱ͋Δ.

f(t)≡
{
e−1/t (t>0)
0 (t≤0)

Ͱఆٛ͞ΕΔ C∞ؔڃ਺ f :R→Rʹରͯ͠ C∞ڃͷོؔى਺Λߏ੒͢Δ.

·ͣ, g(t)≡f(t)/(f(t)+f(1−t))͸ C∞ؔڃ਺Ͱ͋Δ.
—————————————————————————————————————————————————————————————–
t≤0Ͱ͋ΔͳΒ͹ g(t)=0Ͱ͋Δ͠, t≥1Ͱ͋ΔͳΒ͹ g(t)=1Ͱ͋Δ.
·ͨ, t>0Ͱ͋ΔͳΒ͹ f(t)+f(1−t)≥f(t)>0Ͱ͋Δ͠, t≤0Ͱ͋ΔͳΒ͹ f(t)+f(1−t)=f(1−t)>0Ͱ͋Δ͔Β f(t)+f(1−t)͸ C∞ڃͷඇෛؔ਺Ͱ
͋Γ, g(t)͸ C∞ؔڃ਺Ͱ͋Δ.
—————————————————————————————————————————————————————————————–
͜͜Ͱ, b>a(>0)ʹରͯ͠ x /→(x−a2)/(b2−a2)͸ [a2, b2]Λ [0, 1]ʹҠ͢ઢܗม׵Ͱ͋Δ͔Β, h(x)≡g((x−a2)/(b2−a2))Ͱఆٛ͞ΕΔ h :R→ [0, 1]
͸ x≤a2 Ͱ͋ΔͳΒ͹0Λ૟͖ग़͠, x≥b2 Ͱ͋ΔͳΒ͹1Λ૟͖ग़͢ C∞ؔڃ਺Ͱ͋Δ.
·ͨ, k(x)≡h(x2)Ͱఆٛ͞ΕΔ k :R→ [0, 1]͸ −a≤x≤aͰ͋ΔͳΒ͹0Λ૟͖ग़͠, x≤b͋Δ͍͸ b≤xͰ͋ΔͳΒ͹1Λ૟͖ग़͢ C∞ؔڃ਺Ͱ͋Δ͔
Β, ρ(x)≡1−k(x)Ͱఆٛ͞ΕΔ ρ :R→ [0, 1]͸0ʹ͓͚Δ C∞ڃͷོؔى਺Ͱ͋Γ, suppρ=[−b, b]Ͱ͋Δ.
(͕ͨͬͯ͠, ρ(x−r)͸ r∈Rʹ͓͚Δ C∞ڃͷོؔى਺Ͱ͋Δ.)

Rnʹରͯ͠΋ಉ༷ʹོؔى਺͕ߏ੒͞ΕΔ.
͢ͳΘͪ, σ(x)≡ρ(‖x‖)Ͱఆٛ͞ΕΔ σ :Rn→R͸0ʹ͓͚Δ C∞ڃͷོؔى਺Ͱ͋Γ, ดٿ {x∈Rn | ‖x‖≤b}͕୆Ͱ͋Δ.

Ұൠʹ X ͷ։ू߹ U ʹ͓͚Δ C∞ؔڃ਺ͷఆٛҬΛ X ʹ֦ு͢Δ͜ͱ͸Ͱ͖ͳ͍͕, 1఺ͷ͋Δۙ๣ͰҰக͢ΔΑ͏ͳ X ্ͷؔ਺͸ଘ͢ࡏΔ.
͢ͳΘͪ, p∈X ͷۙ๣ U Ͱఆٛ͞Εͨ C∞ؔڃ਺ f :U→Rʹରͯ͠, pͷۙ๣ V (⊂U)Ͱ f ͱҰக͢ΔΑ͏ͳ C∞ؔڃ਺ f̄ :X→R͕ଘ͢ࡏΔ.
—————————————————————————————————————————————————————————————–
U ʹଐ͢Δ C∞ڃͷོؔى਺ ρ :X→RͰ p∈X ͷۙ๣ V ্Ͱ1Λ૟͖ग़͢΋ͷΛબͿ.

͜ͷͱ͖, f̄(q)≡
{
ρ(q)f(q) (q∈U)
0 (q /∈U)

Ͱఆٛ͞ΕΔ f̄ ͸ U ্Ͱ C∞ؔڃ਺Ͱ͋Δ͠, q /∈U ͸ suppρʹଐ͞ͳ͍͔Β q ΛؚΉ։ू߹Ͱ f̄ ͷ૟͖ग़͢஋͕0

Ͱ͋ΔΑ͏ͳ΋ͷ͕ଘ͢ࡏΔ. (͢ͳΘͪ, f̄ ͸ q /∈U ʹ͓͍ͯ΋ C∞ؔڃ਺Ͱ͋Δ.)
·ͨ, V ্Ͱ f̄=f Ͱ͋Δ.
—————————————————————————————————————————————————————————————–

♦ 1ͷ෼ׂ

X ͷ༗ݶ։ඃ෴ {Ui}ʹରͯ͠, suppρi⊂Ui ͔ͭ
∑
ρi(x)=1 (x∈X)Λຬͨ͢ඇෛؔ਺ ρi :X→RΛ {Ui}ʹैଐ͢Δ C∞ڃͷ1ͷ෼ׂ (partition of

unity)ͱݺͿ. (։ඃ෴͕ແूݶ߹Ͱ͋ΔͳΒ͹༗ݸݶͷ Ui ͷΈͱަΘΔ x∈X ͷۙ๣͕ଘ͢ࡏΔ͜ͱΛ ({Ui}ͷہॴ༗ੑݶ)Λ৚݅ͱͯ͠՝͢. ͜ͷͱ͖,
໌Β͔ʹ {supρi}΋ہॴ༗ݶͰ͋Δ.)

(ྫ)ɾRͷ։ඃ෴ {(r−1/n, r+1/n) | r∈Q, n∈Z+}͸ہॴ༗ݶͰͳ͍.
ɾRͷ։۠ؒ U≡(−∞, 2)ͱ V ≡(−1,∞)ʹରͯ͠, άϥϑ͕ҎԼͰ͋ΔΑ͏ͳ C∞ؔڃ਺ ρ͸ suppρ⊂V , supp(1−ρ)⊂U Λຬ͔ͨ͢Β, {1−ρ, ρ}
ɾ͸ Rͷ։ඃ෴ {U, V }ʹैଐ͢Δ1ͷ෼ׂͰ͋Δ.



———————————————————————————–
♣ ୈ8ষ ઀ଋͱϕΫτϧ৔
———————————————————————————–
♦ ͱؔखݍ

2ͭͷର৅ (object) A, B ʹରͯ͠ A͔Β B ΁ͷࣹ (morphism)ͱݺ͹ΕΔ΋ͷશମͷू߹Mor(A,B)Λ͑ߟ, f ∈Mor(A,B)ͱ g∈Mor(B,C)ʹରͯ͠
߹੒ͱݺ͹ΕΔԋࢉ g◦f ∈Mor(A,C)͕ҎԼΛຬͨ͢΋ͷͱ͢Δ.*30*31

1) ౳཯߃ : ର৅ Aʹରͯ͠߃౳ࣹͱݺ͹ΕΔ 1∈Mor(A,A)͕ଘ͠ࡏ, ର৅ B ͱ f ∈Mor(A,B)ͱ g∈Mor(B,A)ʹରͯ͠ f ◦1=f , 1◦g=g Λຬͨ͢.
2) ݁߹཯ : f ∈Mor(A,B)ͱ g∈Mor(B,C)ͱ h∈Mor(C,D)ʹରͯ͠ h◦(g◦f)=(h◦g)◦f ͕੒Γཱͭ.

͜ͷͱ͖, ର৅ͱࣹશମͷू߹Λݍ (category)ͱݺͿ.

(ྫ)ɾू߹Λର৅ͱ͢Ε͹ͦͷؒͷࣸ૾͸ࣹͰ͋Δ͔Β, ͜ΕΒ͸ݍͰ͋Δ.
ɾ܈Λର৅ͱ͢Ε͹ͦͷؒͷ४ಉ૾ࣸܕ͸ࣹͰ͋Δ͔Β, ͜ΕΒ͸ݍͰ͋Δ.
ɾR্ͷઢۭؒܗΛର৅ͱ͢Ε͹ͦͷؒͷઢ૾ࣸܗ͸ࣹͰ͋Δ͔Β, ͜ΕΒ͸ݍͰ͋Δ.
ɾҐ૬ۭؒΛର৅ͱ͢Ε͹ͦͷؒͷಉ૬ࣸ૾͸ࣹͰ͋Δ͔Β, ͜ΕΒ͸ݍͰ͋Δ.
ɾCrڃଟ༷ମΛର৅ͱ͢Ε͹ͦͷؒͷ Cr૾ࣸڃ͸ࣹͰ͋Δ͔Β, ͜ΕΒ͸ݍͰ͋Δ.
ɾଟ༷ମ X ͱ x∈X ʹରͯ͠ (X,x)Λج఺Λ΋ͭଟ༷ମͱݺͼ, 2ͭͷର৅ (X, x), (Y, y)ʹରͯͦ͠ͷؒͷ Cr૾ࣸڃͰ f(x)=y Λຬͨ͢΋ͷ͸ࣹ
ɾͰ͋Δ͔Β, ͜ΕΒ͸ݍͰ͋Δ.

ͷର৅ݍ A, B ʹରͯ͠ g◦f=1A, f ◦g=1B Λຬࣹͨ͢ f ∈Mor(A,B)ͱ g∈Mor(B,A)Λಉࣹܕ (isomorphism)ͱݺͼ, Aͱ B ͸ಉܕͰ͋Δͱ͍͏.*32

ݍ C, D ʹରͯ͠ C ͷର৅ Aʹରͯ͠ D ͷର৅ F (A)Λ૟͖ग़͠, C ͷࣹ f :A→B ʹରͯ͠ D ͷࣹ F (f) :F (A)→F (B)Λ૟͖ग़͢ରԠؔ܎ͰҎԼΛຬ
ͨ͢΋ͷΛڞมؔख (covariant functor)ͱݺͿ.*33

1) F (1A)=1F (A) 2) F (f ◦g)=F (f)◦F (g)

͜͜Ͱ, ؔख F :C→D ʹରͯ͠, f :A→B ͕ C ͷಉࣹܕͰ͋ΔͳΒ͹ F (f) :F (A)→F (B)͸ D ͷಉࣹܕͰ͋Δ.

(ྫ)ɾ઀ϕΫτϧۭؒͱͦͷؒͷඍ෼ͷߏ੒͸ج఺Λ΋ͭଟ༷ମͷ͔ݍΒઢۭؒܗͷݍ΁ͷؔखͰ͋Δ.
ɾ͜͜Ͱ, ͸ࣹܕΔಉ͚͓ʹݍ఺Λ΋ͭଟ༷ମͷج Crڃඍ෼ಉ૬ࣸ૾Ͱ͋Γ, ઢۭؒܗͷݍʹ͓͚Δಉࣹܕ͸ಉ૾ࣸܕͰ͋Δ͜ͱʹ஫ҙ͞Ε͍ͨ.

·ͨ, ݍ C, D ʹରͯ͠ C ͷର৅ Aʹରͯ͠ D ͷର৅ F (A)Λ૟͖ग़͠, C ͷࣹ f :A→B ʹରͯ͠ D ͷࣹ F (f) :F (B)→F (A)Λ૟͖ग़͢ରԠؔ܎ͰҎ
ԼΛຬͨ͢΋ͷΛ൓มؔख (contravariant functor)ͱݺͿ.

1) F (1A)=1F (A) 2) F (f ◦g)=F (g)◦F (f)

♦ ઀ଋ

X ͷ઀ϕΫτϧۭؒͷ࿨ू߹ TX Λ X ͷ઀ଋ (tengent bundle)ͱݺͼ, π(v)≡p (v∈Tp(X))Ͱఆٛ͞ΕΔ π :TX→X Λࣗવͳࣸ૾ͱݺͿ.*34*35

ҎԼͰ͸઀ଋ͕ଟ༷ମͰ͋ΔΑ͏ͳҐ૬ͱΞτϥεΛ༩͑Δ.

X ͷ࠲ඪۙ๣ (U,φ)ʹରͯ͠ U ͷ઀ଋʹଐ͢Δ઀ϕΫτϧΛ v=
∑

ci(∂/∂xi)p ͱ͢Ε͹, φ̄(v)≡(x1(p), · · ·, xn(p), c1, · · ·, cn)Ͱఆٛ͞Εͨ
φ̄ :TU→φ(U)×Rn ͸૾ࣸٯΛ΋͔ͭΒશ୯ࣹͰ͋Δ.
Αͬͯ φ̄Λ༻͍ͯ TU ʹ φ(U)×Rn ͷҐ૬Λ༠ಋ͢Δ͜ͱ͕Ͱ͖Δ.*36*37*38

X ͷۃେΞτϥε {(Ui,φi)}ʹରͯ͠઀ଋ TUi ͷ։ू߹શମͷू߹ΛB ͱ͢Ε͹ҎԼ͕੒Γཱͭ.
1) B ͸ TX ͷඃ෴Ͱ͋Δ.
2) TU ͷ։ू߹ Aͱ TV ͷ։ू߹ B (U ͱ V ͸ X ͷ࠲ඪۙ๣)ʹରͯ͠, A∩B ͸ T (U∩V )ͷ։ू߹Ͱ͋Δ.

—————————————————————————————————————————————————————————————–
1) TX=∪T (Ui)⊂∪B⊂TX ΑΓ໌Β͔.
2) T (U∩V )͸ TU ͷ෦෼ۭؒͰ͋Δ͔Β A∩T (U∩V )ͱ B∩T (U∩V )͸ T (U∩V )ͷ։ू߹Ͱ͋Δ.
͜͜Ͱ A∩B⊂TU∩TV =T (U∩V )Ͱ͋Δ͔Β A∩B=A∩B∩T (U∩V )=(A∩T (U∩V ))∩(B∩T (U∩V ))͸ T (U∩V )ͷ։ू߹Ͱ͋Δ.
—————————————————————————————————————————————————————————————–
Αͬͯ, B ͕։جͰ͋ΔΑ͏ͳ TX ͷҐ૬͕ଘ͢ࡏΔ.

͜͜Ͱ, X ͷՄࢉͳ։جͰ࠲ඪۙ๣͔Βߏ੒͞ΕΔ΋ͷ͕ଘ͢ࡏΔ.
—————————————————————————————————————————————————————————————–
X ͷՄࢉͳ։جB={Bi}ʹରͯ͠ p∈Ui ʹରͯ͠ p∈Bp,i(⊂Ui)Λຬͨ͢։ू߹ Bp,i∈B ͕ଘ͢ࡏΔ͔Β, {Bp,i}(⊂B)͸Մूࢉ߹Ͱ͋Δ.
͜͜Ͱ X ͷ։ू߹ U ͱ p∈U ʹରͯ͠ p∈Ui(⊂U)Λຬͨ͢࠲ඪۙ๣ Ui ͕ଘ͢ࡏΔ͔Β, p∈Bp,i(⊂U)Ͱ͋ΓΏ͑ʹ {Bp,i}͸ X ͷ։جͰ͋Δ.
—————————————————————————————————————————————————————————————–
͕ͨͬͯ͠, ҎԼ͕੒Γཱͭ.

1) ઀ଋ͸ୈ2Մूࢉ߹Ͱ͋Δ. 2) ઀ଋ͸ HausdorffۭؒͰ͋Δ.
—————————————————————————————————————————————————————————————–
1) X ͷ࠲ඪۙ๣͔Βߏ੒͞ΕΔՄूࢉ߹Ͱ͋Δ։ج {Ui} ʹରͯ͠ Ui ্ͷہॴ࠲ඪܥΛ φi ͱ͢Ε͹ TUi ͸ R2n ͷ։ू߹ φi(Ui)×Rn ͱಉ૬Ͱ͋Δ͔Β,
(Euclidۭؒͷ෦෼ू߹ͷୈ2ՄੑࢉΑΓ) TUi ͸ୈ2Մूࢉ߹Ͱ͋Δ.
͕ͨͬͯ͜͠ΕΒͷ࿨ू߹͸઀ଋ TX ͷՄूࢉ߹Ͱ͋Δ։جͰ͋Δ.
—————————————————————————————————————————————————————————————–

*30 ਖ਼֬ʹ͸Mor(A,B)͸ΫϥεͰ͋Δ͠, .΋ΫϥεͰ͋Δݍ
*31 f ∈Mor(A,B)Λ͠͹͠͹ f :A→B ͱද͢هΔ.
*32 ઢۭؒܗ΍܈, Ґ૬ۭؒͷಉܕͳͲ͸ݍͷ࿮૊ΈͰ౷Ұతʹ·ͱΊΒΕΔ.
*33 ͢ͳΘͪݍΛର৅ͱ͢Ε͹ؔख͸ࣹͰ͋Δ.
*34 ࣗવͳࣸ૾͸໌Β͔ʹ X ͷΞτϥε΍ہॴ࠲ඪʹґΒͳ͍.
*35 ҟͳΔ఺ͷ઀ϕΫτϧۭؒͷڞ௨෦෼͕ଘ͠ࡏͳ͍͜ͱʹ஫ҙ͞Ε͍ͨ.
*36 U ͷ։ू߹ V ʹରͯ͠ TV ͷ૬ରҐ૬͸ φ̄|TV :TV →φ(V )×Rn Ͱ༠ಋ͞ΕΔ.
*37 TU ͷҐ૬͸ہॴ࠲ඪܥͷͱΓํʹґΒͳ͍. ,ࡍ࣮ U ্ͷผͷہॴ࠲ඪܥ ψ ʹରͯ͠ φ̄◦ψ̄−1 : ψ̄(TU)→ φ̄(TU)͸ R2n ͷ։ू߹ͷؒͷඍ෼ಉ૬ࣸ૾Ͱ
͋Δ͔Βಉ૬ࣸ૾Ͱ͋Δ. ͢ͳΘͪ, TU ͷ෦෼ू߹W ͕ ψ ʹؔͯ͠։ू߹Ͱ͋ΔͳΒ͹ φ̄(W )=(φ̄◦ψ̄−1)(ψ̄(W ))ΑΓ φʹؔͯ͠΋։ू߹Ͱ͋Δ͠,

.΋ಉ༷Ͱ͋Δٯ
*38 ͷඍ෼ʹରͯ͠ܥඪ࠲ॴہ (dφ)p(v)=

∑
ci(∂/∂ri)φ(p) Ͱ͋Δ͔Β͜ΕΛ (c1, · · ·, cn)∈Rn ͱಉҰ͢ࢹΔ͜ͱ͕Ͱ͖Δ.



͜͜Ͱ, X ͷ CrڃΞτϥε {(Ui,φi)}ʹରͯ͠ {(TUi, φ̄i)}͸ TX ͷ CrڃΞτϥεͰ͋Δ͔Β, Crڃଟ༷ମͷ઀ଋ͸ Crڃଟ༷ମͰ͋Δ.
—————————————————————————————————————————————————————————————–
(TUi, φ̄i)ͱ (TUj , φ̄j)ʹରͯ͠ φ̄j ◦φ̄−1

i :φi(Ui∩Uj)×Rn→φj(Ui∩Uj)×Rn ͸઀ϕΫτϧ v∈Tp(X)͕ v=
∑

ai(∂/∂xi)p=
∑

bi(∂/∂yi)p Ͱॻ͔ΕΔ
ͳΒ͹ (φi(p), a1, · · ·, an) /→(φ̄j ◦φ̄−1

i (φi(p)), b1, · · ·, bn)Ͱ͋Δ.

͜͜Ͱ bj =(
∑

bi(∂/∂yi)p)yj =
∑

ai∂yj/∂xi(p)=
∑

ai∂(φj ◦φ−1
i )j/∂ri(φi(p)) (ri ͸ Rn ͷඪ४తͳ࠲ඪ)Ͱ͋Δ͔Β φj ◦φ−1

i ͸ Cr૾ࣸڃͰ͋Δ.
—————————————————————————————————————————————————————————————–

♦ ϕΫτϧଋ

f :X→Y ʹରͯ͠ f−1(y)≡{x∈X | f(x)=y}Λ y∈Y ʹ͓͚ΔϑΝΠόʔ (fiber)ͱݺͼ, f :X→Y ͱ g :X′→Y ʹରͯ͠ φ(f−1(y))⊂g−1(y)Λ
ຬͨ͢ φ :X→X′ ΛϑΝΠόʔΛอͭࣸ૾ͱݺͿ.*39

ҎԼΛຬͨ͢ଟ༷ମؒͷ C∞૾ࣸڃ f :X→Y Λ֊਺ nͷہॴతʹࣗ໌ͳࣸ૾ͱݺͿ.
1) f ͸શࣹͰ͋Δ. 2) ϑΝΠόʔ͕ৗʹ nݩ࣍ͷઢۭؒܗͰ͋Δ.
3) y∈Y ʹରͯ͠, y ͷۙ๣ U ͱϑΝΠόʔΛอͭඍ෼ಉ૬ࣸ૾ φ :f−1(U)→U×Rn Ͱ, φ|f−1(u) :f

−1(u)→{u}×Rn (u∈U)͕ઢۭؒܗͷಉ૾ࣸܕͰ

͋ΔΑ͏ͳ΋ͷ͕ଘ͢ࡏΔ. (U Λࣗ໌Խ͢Δ։ू߹ͱݺͼ, φΛ U ্ͷ X ͷࣗ໌Խ (trivialization)ͱݺͿ.)*40*41

֊਺ nͷہॴతʹࣗ໌ͳࣸ૾ f :X→Y ʹରͯ͠ (X,Y, f)Λ֊਺ nͷ C∞ڃϕΫτϧଋ (vector bundle)ͱݺͼ, X Λશۭؒ, Y ΛఈۭؒͱݺͿ.
͜͜Ͱ, Y ͷ෦෼ଟ༷ମ S ʹରͯ͠ (f−1(S), S, f |f−1(S))͸֊਺ nͷ C∞ڃϕΫτϧଋͰ͋Γ, ͜ΕΛ X ͷ S ΁ͷ੍ݶͱݺͿ.

ͯ͠༺Λཞޠ༺) X Λ Y ্ͷϕΫτϧଋͱݺͿ͜ͱ΋͋Γ, ͦͷҙຯͰ઀ଋ͸ଟ༷ମ্ͷϕΫτϧଋͰ͋Δ.)

(ྫ)ɾଟ༷ମ X ͱࣹӨ π :X×Rn→X ʹରͯ͠ (X×Rn, X,π)͸֊਺ nͷϕΫτϧଋͰ͋Γ, ͜ΕΛ X ্ͷੵଋ (product bundle)ͱݺͿ.*42

ɾ(ͨͱ͑͹, ແݶԁ౵ S1×R͸ S1 ্ͷ֊਺1ͷੵଋͰ͋Δ.)

C∞ڃϕΫτϧଋ f :X→Y ͱ Y ͷ࠲ඪۙ๣ (U,ψ)=(U ; y1, · · ·, yn)ʹରͯ͠, X ͷ U ্ͷࣗ໌Խ͕ φ(x)=(f(x), c1(x), · · ·, cr(x))Ͱॻ͔ΕΔͱ͢Δ.
͜͜Ͱ (ψ×1)(u, c1, · · ·, cr)≡(ψ(u), c1, · · ·, cr)Ͱ ψ×1Λఆٛ͢Ε͹, (ψ×1)◦φ :f−1(U)→ψ(U)×Rr ͸ඍ෼ಉ૬ࣸ૾Ͱ͋Δ͔Β X ͷہॴ࠲ඪܥͰ͋Δ.
͜ͷͱ͖ͷ y1, · · ·, yn Λ࠲ඪۙ๣ (f−1(U),ψ(U)×Rr)ʹ͓͚Δఈ࠲ඪͱݺͼ, c1, · · ·, cr ΛϑΝΠόʔ࠲ඪͱݺͿ.*43*44

(Ұൠʹ֊਺͕ҟͳΔ)ϕΫτϧଋ (X,Y, f)ͱ (M,N, g)ʹରͯ͠ҎԼΛຬͨ͢ φ :Y →N ͱ ψ :X→M ͷ૊Λ (X,Y, f)͔Β (M,N, g)΁ͷଋࣸ૾
(bundle map)ͱݺͿ. (ϕΫτϧଋΛର৅ͱ͢Ε͹ͦͷؒͷଋࣸ૾͸ࣹͰ͋Δ͔Β, ͜ΕΒ͸ݍͰ͋Δ.)

1) ͜ΕΒ͸Մ׵ਤࣜΛͳ͢. (͢ͳΘͪ g◦ψ=φ◦f Ͱ͋Δ.) 2) y∈Y ʹରͯ͠ ψ :f−1(y)→g−1(φ(y))͸ઢ૾ࣸܗͰ͋Δ.

(ྫ)ɾCrڃଟ༷ମؒͷ Cr૾ࣸڃ φ :X→Y ʹରͯ͠ ψ(p, v)≡(φ(p), (dφ)p(v)) (v∈Tp(X))Ͱఆٛ͞ΕΔ ψ :TX→TY ͸ φͱซͤͯଋࣸ૾Ͱ͋Δ.
ɾ͕ͨͬͯ͠, ଟ༷ମͱࣸ૾ͷ͔ݍΒϕΫτϧଋͱଋࣸ૾ͷݍ΁ͷڞมؔख͕ఆ·Δ.

X ͱM ͕ Y ্ͷϕΫτϧଋͰ͋ΔͳΒ͹, ఈۭؒͷࣸ૾͕߃౳ࣸ૾Ͱ͋ΔΑ͏ͳ X ͔ΒM ΁ͷଋࣸ૾Λ Y ্ͷଋࣸ૾ͱݺͿ.
Y ্ͷ C∞ڃϕΫτϧଋͱ Y ্ͷଋࣸ૾͸ݍͰ͋Γ, Y ্ͷϕΫτϧଋͰੵଋ Y ×Rn ͱ Y ্ͰಉܕͰ͋Δ΋ͷΛࣗ໌ଋͱݺͿ.

♦ ੾அͱ࿮

ϕΫτϧଋ f :X→Y ʹରͯ͠ f ◦g= idY Λຬͨ͢ g :Y →X Λ f ͷ੾அ (section)ͱݺͼ, Cr૾ࣸڃͰ͋Δ੾அΛ Crڃ੾அͱݺͿ.*45

CrڃϕΫτϧଋ f :X→Y ͷ Crڃ੾அ φ, ψ ͱ Crؔڃ਺ g :Y →Rʹରͯ͠ҎԼ͕੒Γཱͭ.
1) (φ+ψ)(y)≡φ(y)+ψ(y)(∈f−1(y))Ͱఆٛ͞ΕΔ φ+ψ :Y →X ͸ f ͷ Crڃ੾அͰ͋Δ.
2) (gφ)(y)≡g(y)φ(y)(∈f−1(y))Ͱఆٛ͞ΕΔ gφ :Y →X ͸ f ͷ Crڃ੾அͰ͋Δ.

—————————————————————————————————————————————————————————————–
1) y∈Y ʹରͯࣗ͠໌Խ͢Δ։ू߹Λ U ͱͯ͠, U ্ͷ X ͷ Cr໌ࣗڃԽΛ h :f−1(U)→U×Rnͱ͢Δ.
͜͜Ͱ u∈U ʹରͯ͠ (h◦ϕ)(u)=(u, a1(u), · · ·, an(u)), (h◦ψ)(u)=(u, b1(u), · · ·, bn(u))Λຬͨ͢ ai :U→Rͱ bi :U→R͸ Crؔڃ਺Ͱ͋Δ͠, hͷ֤
఺ʹ͓͚ΔϑΝΠόʔ͸ઢۭؒܗͰ͋Δ͔Β (h◦(ϕ◦ψ))(u)=(u, a1(u)+b1(u), · · ·, an(u)+bn(u))ΑΓ ϕ◦ψ ͸ Cr૾ࣸڃͰ͋Δ.
·ͨ, ͜Ε͕ f ͷ੾அͰ͋Δ͜ͱ͸໌Β͔Ͱ͋Δ.
—————————————————————————————————————————————————————————————–
͕ͨͬͯ͠, ϕΫτϧଋ X ͷ C∞ ߹੾அશମͷूڃ Γ(X)͸ R্ͷઢۭؒܗͰ͋Γ, Y ্ͷ C∞ؔڃ਺શମͷू߹ C∞(Y )্ͷՃ܈Ͱ͋Δ.
·ͨ, Y ͷ։ू߹ U ʹରͯ͠ X ͷ U ্ͷ C∞ڃ੾அશମͷू߹ Γ(U,X)͸ R্ͷઢۭؒܗͰ͋Γ, C∞(U)্ͷՃ܈Ͱ͋Δ.
(͢ͳΘͪ Γ(X)=Γ(Y,X)Ͱ͋Γ, ͜ΕΛେҬ੾அ (global section)ͱݺͿ.)

ϕΫτϧଋ f :X→Y ͷ U(⊂Y )্ͷ੾அ g1, · · ·, gn Ͱ૟͖ग़͢஋͕ৗʹͦͷ఺ʹ͓͚Δ f ͷϑΝΠόʔͷجఈͰ͋Δ΋ͷΛ (X,Y, f)ͷ U ্ͷ࿮ (frame)
ͱݺͿ. ·ͨ, ͢΂ͯ U ্ͷ Crڃ੾அͰ͋Δ U ্ͷ࿮Λ Crڃ࿮ͱݺͿ.

(ྫ)ɾଟ༷ମ X ͱ Rnͷඪ४جఈ e1, · · ·, en ʹରͯ͠ ēi(p)≡(p, ei)Ͱఆٛ͞ΕΔ ēi :X→X×Rn (i=1, · · ·, n)͸ੵଋͷ C∞ڃ࿮Ͱ͋Δ.
ɾ֊਺ nͷϕΫτϧଋ f :X→Y ͱ X ͷ U(⊂Y )ʹ͓͚Δࣗ໌Խ φ :f−1(U)→U×Rn ʹରͯ͠ ti(p)≡φ−1(ēi(p))Ͱఆٛ͞ΕΔ
ɾti :U→φ−1(U×Rn)͸ X ͷ U ্ͷ C∞ڃ࿮Ͱ͋Γ, ͜ΕΛ U ্ͷࣗ໌Խ φͷ C∞ڃ࿮ͱݺͿ.

ࣗ໌Խ φ :f−1(U)→U×Rn ͷ C∞ڃ࿮ t1, · · ·, tn ʹରͯ͠ X ͷ U ্ͷ੾அ s≡
∑

biti ͕ C∞ڃ੾அͰ͋Δ͜ͱͱ bi ͕ C∞ؔڃ਺Ͱ͋Δ͜ͱͱ͸ಉ஋Ͱ
͋Δ.
—————————————————————————————————————————————————————————————–
(ඞཁੑ) φ◦s(p)=

∑
bi(p)φ(ti(p))=

∑
bi(p)(p, ei)=(p,

∑
bi(p)ei)ΑΓ bi(p)͸ࣗ໌Խ φʹؔ͢Δ s(p)ͷϑΝΠόʔ࠲ඪͰ͋Δ.

·ͨ, φ◦s͸ C∞૾ࣸڃͰ͋Δ͔Β bi ͸ C∞ؔڃ਺Ͱ͋Δ.
—————————————————————————————————————————————————————————————–

*39 f ͱ g ʹରͯ͠ φ͕ϑΝΠόʔΛอͭ͜ͱͱ͜ΕΒ͕Մ׵ਤࣜΛͳ͢ (͢ͳΘͪ g=f ◦φ−1Λຬͨ͢)͜ͱͱ͸ಉ஋Ͱ͋Δ.
*40 ͢ͳΘͪ f :f−1(U)→U ͱ g :U×Rn→U ʹରͯ͠ φ͸ϑΝΠόʔΛอͭ.
*41 {U}͕ Y ͷ։ඃ෴Ͱ͋ΔͳΒ͹ {(U,φ)}Λہॴࣗ໌Խ (local trivialization)ͱݺͿ. ({U}Λ X Λࣗ໌Խ͢Δ Y ͷ։ඃ෴ͱݺͿ.)
*42 ੵଋͷہॴࣗ໌Խ͸߃౳ࣸ૾Ͱ͋Δ.
*43 (f−1(U),ψ(U)×Rr)͕ X ͷΞτϥεͰ͋Δͱ͸ݶΒͳ͍͜ͱʹཹҙ͞Ε͍ͨ.
*44 ϑΝΠόʔ࠲ඪ͸ࣗ໌Խ φͷΈʹґଘ͢Δ.
*45 ͜͜Ͱ, f ͕શ୯ࣹͰ͋Δඞཁ͸ͳ͍͔Β, ੾அ͸૾ࣸٯΑΓ΋͍֓޿೦Ͱ͋Δ.

·ͨ, ੾அ͸ Y ͷݩʹରͯ͠ϑΝΠόʔʹଐ͢ΔݩΛ૟͖ग़͢.



♦ ϕΫτϧ৔

X ͷݩʹରͯͦ͠ͷ఺ʹ͓͚Δ઀ϕΫτϧΛ૟͖ग़ࣸ͢૾ F :X→TX Λ X ্ͷϕΫτϧ৔ (vector field)ͱݺͼ, ͜Ε͸઀ଋͷࣗવͳࣸ૾ͷ੾அͰ͋Δ.
·ͨ, Cr૾ࣸڃͰ͋ΔϕΫτϧ৔Λ CrڃϕΫτϧ৔ͱݺͿ.

(ྫ)ɾF (x, y)≡−y(∂/∂x)(x,y)+x(∂/∂y)(x,y) Ͱఆٛ͞ΕΔ F ͸ R2 ্ͷϕΫτϧ৔Ͱ͋Δ.*46

ɾR3 ্ͷϕΫτϧ৔ p /→(∂/∂x)p, p /→(∂/∂y)p, p /→(∂/∂z)p ͸ R3 ্ͷ࿮Ͱ͋Δ.

·ͣ, ϕΫτϧ৔ͷ C∞ੑڃͱಉ஋ͳ໋୊Λѻ͏.
ϕΫτϧ৔ F :X→TX ͕ C∞૾ࣸڃͰ͋Δ͜ͱͱ (X ͷ࠲ඪۙ๣ U ʹରͯ͠) F =

∑
ai(∂/∂xi)Λຬͨ͢ ai :U→R͕ C∞ؔڃ਺Ͱ͋Δ͜ͱͱ͸ಉ஋Ͱ

͋Δ.
—————————————————————————————————————————————————————————————–
(ඞཁੑ) U ্ͷہॴ࠲ඪܥΛ φͱ͢Ε͹, TX ͷ࠲ඪۙ๣ (TU, φ̄)=(TU ; x̄1, · · ·, x̄n, c1, · · ·, cn)ʹରͯ͠ F (p)=

∑
ci(F (p))(∂/∂xi)p Ͱ͋Δ͔Β

ai=ci◦F Ͱ͋Γ ci :TU→R͸࠲ඪͰ͋Δ͔Β C∞ؔڃ਺Ͱ͋Δ.
(े෼ੑ)
—————————————————————————————————————————————————————————————–

͜͜Ͱ, f ∈C∞(X)ʹରͯ͠ (Ff)(p)≡F (p)f Ͱఆٛ͞Εͨ Ff ∈C∞(X)ΛରԠͤ͞Δࣸ૾͸ X ʹ͓͚Δಋ෼Ͱ͋Δ͔Β, ϕΫτϧ৔͸ X ʹ͓͚Δಋ෼
Λ༩͑Δ. ,ࡍ࣮) ͜Ε͸ C∞(X)ͷؒͷઢ૾ࣸܗͰ͋Δ͠, ֤఺Ͱ LeibnizଇΛຬͨ͢.)*47

·ͨ, ϕΫτϧ৔ F :X→TX ͕ C∞૾ࣸڃͰ͋Δ͜ͱͱ, C∞ؔڃ਺ f :X→Rʹରͯ͠ Ff :X→R͕ C∞ؔڃ਺Ͱ͋Δ͜ͱͱ͸ಉ஋Ͱ͋Δ.
—————————————————————————————————————————————————————————————–
(ඞཁੑ) X ͷ࠲ඪۙ๣ (U,φ)ʹ͓͍ͯ F =

∑
ai(∂/∂xi)Λຬͨ͢ ai :U→R͸ C∞ؔڃ਺Ͱ͋Δ͔Β, f ͷ C∞ੑڃΑΓ Ff ͸ U ʹ͓͍ͯ C∞ؔڃ਺Ͱ

͋Δ.
(े෼ੑ) X ͷ࠲ඪۙ๣ (U,φ)ʹ͓͍ͯ F =

∑
ai(∂/∂xi)Ͱ͋Δͱ͢Ε͹, xi :U→R͕ p∈U ͷ͋Δۙ๣ V ͰҰக͢ΔΑ͏ͳ C∞ؔڃ਺ x̄i :X→R͕ଘ

,Δ͔Β͢ࡏ V ʹ͓͍ͯ F x̄k=(
∑

ai(∂/∂xi))x̄k=ak Ͱ͋Δ͜ͱ͔Β ak ͸ C∞ؔڃ਺Ͱ͋Γ F ͸ C∞૾ࣸڃͰ͋Δ.
—————————————————————————————————————————————————————————————–

C∞ؔڃ਺ͷఆٛҬͷ֦ுͷΑ͏ʹ, p∈X ͷۙ๣ U Ͱఆٛ͞Εͨ C∞ڃϕΫτϧ৔ F :U→TU ʹରͯ͠, pͷۙ๣ V (⊂U)Ͱ F ͱҰக͢ΔΑ͏ͳ X ্ͷ
C∞ڃϕΫτϧ৔ F̄ :X→TX ͕ଘ͢ࡏΔ.
—————————————————————————————————————————————————————————————–
pͷۙ๣ V Ͱৗʹ1Λ૟͖ग़͢Α͏ͳ U Λ୆ͱ͢Δ C∞ؔىོڃ਺ ρ :X→R͕ଘ͢ࡏΔ͔Β, F̄ (x)≡ρ(x)F (x) (x∈U), 0 (x /∈U)Ͱఆٛ͞ΕΔ F̄ ͸
(C∞ؔڃ਺ͷ৔߹ͱಉ༷ʹ) C∞ڃϕΫτϧ৔Ͱ͋Δ͜ͱ͕ࣔ͞ΕΔ.
—————————————————————————————————————————————————————————————–

♦ ੵ෼ۂઢͱہॴϑϩʔ

C∞ڃϕΫτϧ৔ F :X→TX ʹରͯ͠ c′(t)=F (c(t))Λຬͨ͢ C∞ۂڃઢ c : (a, b)→X Λ F ͷੵ෼ۂઢ (integral curve)ͱݺͿ.
((a, b)͕0ΛؚΉͱ͖ c(0)=pͰ͋ΔͳΒ͹ p∈X Λੵ෼ۂઢͷ࢝఺ͱݺͿ.)
·ͨ, ఆٛҬΛΑΓେ͖ͳ۠ؒʹ֦ு͢Δ͜ͱ͕Ͱ͖ͳ͍ੵ෼ۂઢΛۃେੵ෼ۂઢ (maximal integral curve)ͱݺͿ.

(ྫ)ɾF (x, y)≡(−y, x)Ͱఆٛ͞ΕΔϕΫτϧ৔ F :R2→R2 ͷ (x0, y0)Λ࢝఺ͱ͢Δੵ෼ۂઢ͸ c(t)=(x0 cos t−y0 sin t, x0 sin t+y0 cos t)Ͱ͋Δ
ɾ͔Β, ੵ෼ۂઢ͸൒ܘ (x2

0+y20)
1/2 ͷԁͰ͋Δ.

ɾ͜͜Ͱ࢝఺ʹରͯ͠ c(t)Λ૟͖ग़͢ R2→R2 ͸ඍ෼ಉ૬ࣸ૾Ͱ͋Γ, ͦͷ૾ࣸٯ͸ c(−t)Λ૟͖ग़ࣸ͢૾Ͱ͋Δ.
ɾଟ༷ମ X ͔ΒͦΕࣗ਎΁ͷඍ෼ಉ૬ࣸ૾શମͷू߹Ͱ܈Ͱ͋Δ΋ͷ Diff(X)ʹରͯ͠, ४ಉ૾ࣸܕ c :R→Diff(X)Λ X ͷඍ෼ಉ૬ࣸ૾ͷ1ύϥ
ɾϝʔλʔ෦෼܈ (one-parameter group)ͱݺͿ.
ɾ͕ͨͬͯ͠, લड़ͷϕΫτϧ৔ͷੵ෼ۂઢ͸ R2 ͷඍ෼ಉ૬ࣸ૾ͷ1ύϥϝʔλʔ෦෼܈Λ༩͑Δ.
ɾF (x)≡x2 Ͱఆٛ͞ΕΔϕΫτϧ৔ F :R→Rͷ x=2Λ࢝఺ͱ͢Δੵ෼ۂઢ͸ x(t)=2/(1−2t)Ͱ͋Δ͔Β, (0ΛؚΉ)ۃେੵ෼ۂઢͷ۠ؒ͸
ɾ(−∞, 1/2)Ͱ͋Δ.

Ұൠʹ C∞ڃϕΫτϧ৔ F :X→TX ʹରͯ͠ p∈X Λ࢝఺ͱ͢Δੵ෼ۂઢΛ͑ߟΔ.
·ͣ, pΛؚΉ࠲ඪۙ๣ (U,φ)ʹରͯ͠ F (c(t))=

∑
ai(c(t))(∂/∂xi)c(t) Ͱ͋Δͱ͢Ε͹ c′(t)=

∑
dci/dt(t)(∂/∂xi)c(t) (ci≡xi◦c)Ͱ͋Δ͔Βੵ෼ۂઢ

͸࿈ཱৗඍ෼ํఔࣜ dci/dt(t)=ai(c(t)) (ci(0)=pi)Λຬͨ͢.
͕ͨͬͯ͠, X ͷ࠲ඪۙ๣ (U,φ)্ͷ C∞ڃϕΫτϧ৔ F :U→TU ͱ p∈U ʹରͯ͠, G(t, q) (q∈U ′)͕ q Λ࢝఺ͱ͢Δ F ͷੵ෼ۂઢͰ͋ΔΑ͏ͳ pͷ
ۙ๣ U ′(⊂U)ͱ C∞ؔڃ਺ G : (−ε, ε)×U ′→U ͕ଘ͢ࡏΔ.*48

͜ͷͱ͖ͷ GΛϕΫτϧ৔ F Ͱੜ੒͞ΕΔہॴϑϩʔ (local flow)ͱݺͼ, q∈U ′ Λࢦఆͨ͠΋ͷΛ q ʹؔ͢Δϑϩʔۂઢ (flow line)ͱݺͿ.
·ͨ, ఆٛҬ͕ R×X Ͱ͋ΔہॴϑϩʔΛେҬϑϩʔ (global flow)ͱݺͼ, େҬϑϩʔΛ΋ͭϕΫτϧ৔Λ׬උϕΫτϧ৔ (complete vector field)ͱݺͿ.

Ҏ߱, G(t, q)Λ Gt(q)ͱද͢هΔ.
t+t′∈(−ε, ε)Λຬͨ͢ t, t′∈(−ε, ε)ʹରͯ͠ Gt(G0(q))=Gt(q)Ͱ͋Δ͔Βੵ෼ۂઢͷҰҙੑΑΓ Gt(Gt′ (q))=Gt+t′ (q)Ͱ͋Δ.
͕ͨͬͯ͠େҬϑϩʔ Gʹରͯ͠ Gt◦G−t=G−t◦Gt=G0= idX Ͱ͋Δ͔Β Gt :X→X ͸ඍ෼ಉ૬ࣸ૾Ͱ͋Δ. (͢ͳΘͪ X ্ͷେҬϑϩʔ͸ X ͷඍ෼
ಉ૬ࣸ૾ͷ1ύϥϝʔλʔ෦෼܈Λ༩͑Δ.)

ϕΫτϧ৔ F :U→TU ͷہॴϑϩʔ G(t, q)ʹରͯ͠ ∂G/∂t(0, q)=F (G(0, q))=F (q)Ͱ͋Δ͔Β, ϕΫτϧ৔Λہॴϑϩʔ͔Βߏ࠶੒͢Δ͜ͱ͕Ͱ͖Δ.
(ྫ)ɾG(t, (x, y))≡(x cos t−y sin t, x sin t+y cos t)Ͱఆٛ͞ΕΔ G :R×R2→R2 ͸ϕΫτϧ৔ F (x, y)=(−y, x)Ͱੜ੒͞ΕΔେҬϑϩʔͰ͋Δ.*49

*46 ϕΫτϧ৔ F :R2→TR2 ʹରͯ͠ G(x, y)≡(−y, x)Ͱ G :R2→R2 Λఆٛ͢Ε͹, −y(∂/∂x)(x,y)+x(∂/∂y)(x,y)∈ ImF ʹରͯ͠ (−y, x)∈ ImG

Λ૟͖ग़ࣸ͢૾͸શ୯ࣹͰ͋Δ͔Β, F ͱ GΛࣗવʹಉҰ͢ࢹΔ͜ͱ͕Ͱ͖Δ.

઀ϕΫτϧۭؒͷ৔߹ͱಉ༷ʹ, Euclid্ۭؒͷϕΫτϧղੳʹ͓͚ΔϕΫτϧ৔͸ऀޙͰ͋Δ.
*47 Ff ͷ૟͖ग़͢஋͕ f ͷہॴ࠲ඪදࣔͷภඍ෼܎਺Ͱ͋Δ͜ͱʹ஫ҙ͞Ε͍ͨ.
*48 ͢ͳΘͪ G(0, q)=q Ͱ͋Δ.
*49 Euclid্ۭؒͰ͋Δ͔Β଎౓ϕΫτϧͱϕΫτϧ৔Λશ୯ࣹΛ௨ͯ͡ରԠ͍ͤͯ͞Δ͜ͱʹཹҙ͞Ε͍ͨ.



♦ Lieׅੵހͱ Lie୅਺

X ͷ։ू߹ U ্ͷ C∞ڃϕΫτϧ৔ F, F ′ Λ U ʹ͓͚Δಋ෼ͱಉҰ͢ࢹΕ͹, FF ′ :C∞(U)→C∞(U)͸ઢ૾ࣸܗͷ߹੒ࣸ૾Ͱ͋Δ͔Βઢ૾ࣸܗͰ͋Δ
͕, FF ′(φψ)=F ((F ′φ)ψ+φ(F ′ψ))=(FF ′φ)ψ+(F ′φ)(Fψ)+(Fφ)(F ′ψ)+φ(FF ′ψ)ΑΓ͜Ε͸ಋ෼Ͱ͸ͳ͍.
͕ͨͬͯ͠, p∈U ʹ͓͚Δ Lieׅੵހ (Lie bracket)Λ [F, F ′]p(φ)≡(F (p)F ′−F ′(p)F )φͰఆٛ͢Ε͹͜Ε͸ pʹ͓͚Δ఺ಋ෼Ͱ͋Δ.
͜ΕΛ U ্ʹ֦ுͨ͠΋ͷΛϕΫτϧ৔ (͔ΒಉҰ͞ࢹΕΔಋ෼)ͷ Lieׅੵހ (Lie bracket)ͱݺͿ.

͜͜Ͱ, C∞ڃϕΫτϧ৔ͷ Lieׅੵހ͸ C∞ڃϕΫτϧ৔Ͱ͋Δ͔Β, Lieׅੵހ͸ X ্ͷ C∞ڃϕΫτϧ৔શମͷू߹ (ઢۭؒܗ) L(X)ʹ͓͚Δԋࢉ
Ͱ͋Δ.*50

·ͨ, ҎԼ͕੒Γཱͭ.
1) [F, F ′]=−[F ′, F ] 2) [F, [F ′, F ′′]]+[F ′, [F ′′, F ]]+[F ′′, [F, F ′]]=0 (Jacobi߃౳཯)

͜Ε͸ҎԼͷΑ͏ʹҰൠԽ͞ΕΔ.
ҎԼΛຬͨ͢ԋࢉ [ , ] :V ×V →V ͕ఆٛ͞ΕͨK ্ͷઢۭؒܗ V ΛK ্ͷ Lie୅਺ (Lie algebra)ͱݺͿ.*51

1) ૒ઢੑܗ : [ax+by, z]=a[x, z]+b[y, z], [z, ax+by]=a[z, x]+b[z, y] 2) ަ୅ੑ : [x, y]=−[y, x]
3) Jacobi߃౳཯ : [x, [y, z]]+[y, [z, x]]+[z, [x, y]]=0 (x, y, z∈V, a, b∈K)

·ͨ, D[x, y]=[Dx, y]+[x,Dy]Λຬͨ͢ઢ૾ࣸܗ D :V →V ΛK ্ͷ Lie୅਺ V ͷಋ෼ (derivation)ͱݺͿ.

(ྫ)ɾઢۭؒܗ V ʹରͯ͠ [x, y]=0 (x, y∈V )ͰԋࢉΛఆΊΕ͹ V ͸ Lie୅਺Ͱ͋Γ, ͜ΕΛՄ׵ Lie୅਺ͱݺͿ.
ɾଟ༷ମ X ͷ C∞ڃϕΫτϧ৔શମͷू߹ L(X)͸, LieׅੵހΛԋࢉͱ͢Ε͹ Lie୅਺Ͱ͋Δ.
ɾA,B∈Matn×n(K)ʹରͯ͠ [A,B]≡AB−BAͰԋࢉΛఆΊΕ͹Matn×n(K)͸ Lie୅਺Ͱ͋Δ.
ɾK ্ͷ Lie୅਺ V ʹରͯ͠, adx(y)≡ [x, y]Ͱఆٛ͞ΕΔ adx :V →V ͸ԋࢉͷ Jacobi߃౳཯ΑΓ V ͷಋ෼Ͱ͋Δ.

♦ ϕΫτϧ৔ͷԡ͠ग़͠

C∞૾ࣸڃ f :X→Y ͱϕΫτϧ৔ F :X→TX ʹରͯ͠, (df)p(F (p))∈Tf(p)(Y )Λ F (p)∈Tp(X)ͷԡ͠ग़͠ (pushforward)ͱݺͿ.

f(p)=f(q)=y Ͱ͋ΔͳΒ͹ F (p)ͱ F (q)ͷԡ͠ग़͠͸ y ͷ઀ϕΫτϧͰ͋Δ͕, Ұൠʹ྆ऀ͕Ұக͢Δͱ͸ݶΒͳ͍.
͜͜Ͱ f ͕ඍ෼ಉ૬ࣸ૾Ͱ͋ΔͳΒ͹ͦͷ୯ࣹੑΑΓ ((df)(F ))(f(p))≡(df)p(F (p))͕ແໃ६ʹఆٛ͞ΕΔ͠, શࣹੑΑΓ͜ΕͷఆٛҬ͸ Y Ͱ͋Δ.
͜ͷͱ͖ͷ (df)(F ) :Y →TY Λ F :X→TX ͔Βԡ͠ग़͞ΕͨϕΫτϧ৔ͱݺͿ.

(ྫ)ɾୈ1੒෼΁ͷࣹӨ f :R2→Rʹରͯ͠ϕΫτϧ৔ F :R →TR2 Λԡ͠ग़͢͜ͱ͸Ͱ͖ͳ͍.

C∞૾ࣸڃ f :X→Y ͱϕΫτϧ৔ F :X→TX ʹରͯ͠, ͢΂ͯͷ p∈X ʹରͯ͠ (df)p(F (p))= F̄ (f(p))͕੒ΓཱͭΑ͏ͳ F̄ :Y →TY Λ f Δ͋ʹ܎ؔ
ϕΫτϧ৔ͱݺͿ.*52

(ྫ)ɾf :X→Y ͕ඍ෼ಉ૬ࣸ૾Ͱ͋ΔͳΒ͹, F :X→TX ͔Βԡ͠ग़͞Εͨ (df)p(F ) :Y →TY ͸ f .ΔϕΫτϧ৔Ͱ͋Δ͋ʹ܎ؔ

·ͨ, C∞૾ࣸڃ f :X→Y ͱϕΫτϧ৔ F :X→TX ͱ F̄ :Y →TY ʹରͯ͠, F ͱ F̄ ͕ f ,ΔϕΫτϧ৔Ͱ͋Δ͜ͱͱ͋ʹ܎ؔ C∞ؔڃ਺ g :Y →Rʹର
ͯ͠ F (g◦f)=(F̄ g)◦f Ͱ͋Δ͜ͱͱ͸ಉ஋Ͱ͋Δ.
—————————————————————————————————————————————————————————————–
(ඞཁੑ) g :Y →Rͱ p∈X ʹରͯ͠ (df)p(F (p))g=F (p)(g◦f)=(F (g◦f))(p)Ͱ͋Δ͠, F̄ (f(p))g=(F̄ g)(f(p))Ͱ͋Δ͔Β໌Β͔.
(े෼ੑ) લड़ͷূ໌Λٯʹ୧Ε͹Α͍.
—————————————————————————————————————————————————————————————–

Αͬͯ C∞૾ࣸڃ f :X→Y ʹରͯ͠, C∞ڃϕΫτϧ৔ F :X→TX ͕ F̄ :Y →TY ͱ f ,Γ͋ʹ܎ؔ G :X→TX ͕ Ḡ :Y →TY ͱ f ,ΔͳΒ͹͋ʹ܎ؔ
[F,G]͸ [F̄ , Ḡ]ͱ f .Δ͋ʹ܎ؔ
—————————————————————————————————————————————————————————————–
C∞ؔڃ਺ g :X→Rʹରͯ͠ҎԼ͕੒Γཱͭ.
[F,G](g◦f)=FG(g◦f)−GF (g◦f)=F ((Ḡg)◦f)−G((F̄ g)◦f)=(F̄ Ḡg)◦f−(ḠF̄ g)◦f=((F̄ Ḡ−ḠF̄ )g)◦f=([F̄ , Ḡ]g)◦f
—————————————————————————————————————————————————————————————–

*50 X ্ͷ C∞ؔڃ਺ φʹରͯ͠ [F, F ′]φ͕ C∞ؔڃ਺Ͱ͋Δ͜ͱΛࣔͤ͹Α͍.
*51 Lie୅਺ͷ͜ͱΛ Lie؀ (Lie ring)ͱݺͿྲّྀ΋͋Δ͠, ઢۭؒܗͰ͸ͳ͘୯ʹՄ܈׵Ͱ͋Δ͜ͱΛཁ੥ͨ͠΋ͷΛ Lie؀ͱݺͿྲّྀ΋͋Δ.
*52 ͢ͳΘͪ f ,ΔϕΫτϧ৔ͱ͸͋ʹ܎ؔ ԡ͠ग़͠ͱ͸ݶΒͳ͍͕ͳΜΒ͔ͷํ๏Ͱߏ੒͞Εͨ Y ্ͷϕΫτϧ৔Ͱ͋Δ.



———————————————————————————–
♣ ୈ9ষ Lie܈ͱ Lie୅਺
———————————————————————————–
♦ Lie܈

Ͱ͋Δ܈ C∞ڃଟ༷ମͰԋࢉͱݩٯΛͱΔࣸ૾͕ C∞૾ࣸڃͰ͋Δ΋ͷΛ Lie܈ (Lie group)ͱݺͿ.*53*54

͜͜Ͱ, Lie܈ Gʹରͯ͠ lg(x)≡g ·xͰఆٛ͞ΕΔ lg :G→GΛ g∈Gʹؔ͢Δࠨ৐๏ͱݺͼ, ͜Ε͸ C∞ڃඍ෼ಉ૬ࣸ૾Ͱ͋Δ.

(ྫ)ɾEuclidۭؒ͸Ճ๏ʹؔͯ͠ Lie܈Ͱ͋Δ.
ɾC×͸৐๏ʹؔͯ͠ Lie܈Ͱ͋Δ.
ɾLie܈ͷ௚ੵ͸ࣗવͳԋࢉʹؔͯ͠ Lie܈Ͱ͋Δ.
ɾҰൠઢ܈ܗ GLn(R)͸ੵͷԋࢉʹؔͯ͠ Lie܈Ͱ͋Δ.
ɾಛघઢ܈ܗ SLn(R)͸ੵͷԋࢉʹؔͯ͠ Lie܈Ͱ͋Δ.*55

ɾ௚ަ܈ On(R)͕Ұൠઢ܈ܗ GLn(R)ͷ෦෼ଟ༷ମͰ͋Δ͜ͱΛࣔͨ͢Ίʹ֊਺Ұఆ౳Ґू߹ఆཧΛ༻͍͕ͨ, On(R)ͷݩ࣍Λܾఆ͢ΔͨΊʹਖ਼ଇ౳
ɾҐू߹ఆཧΛ༻͍Δ.

Lie܈ G1, G2 ʹରͯ͠܈ͷ४ಉ૾ࣸܕͰ͋Γ C∞૾ࣸڃͰ͋Δ f :G1→G2 Λ Lie܈ͷ४ಉ૾ࣸܕͱݺͿ.*56

ҎԼΛຬͨ͢ H(⊂G)Λ Lie෦෼܈ (Lie subgroup)ͱݺͿ.*57

1) H ͸෦෼܈Ͱ͋Δ. 2) H ͸แؚࣸ૾ʹؔͯ͠ Gͷ͸Ίࠐ·Εͨ෦෼ଟ༷ମͰ͋Δ. 3) H ʹ͓͚ΔԋࢉͱݩٯΛͱΔࣸ૾͕ C∞૾ࣸڃͰ͋Δ.
͜͜Ͱ, µ◦(i×i) :H×H→G͸ C∞૾ࣸڃͰ͋Δ͔Β, Gͷ෦෼܈Ͱ͋Δ෦෼ଟ༷ମ͸ Gͷ Lie෦෼܈Ͱ͋Δ.
͕ͨͬͯ͠, ෦෼܈Ͱ͋Δ෦෼ଟ༷ମΛຒΊࠐ·Εͨ Lie෦෼܈ (imbedded Lie subgroup)ͱݺͿ.

·ͨ, ҎԼ͕੒Γཱͭ. (ূ໌͸͑߇Δ.)
ด෦෼܈ఆཧ : Lie܈ͷ෦෼܈Ͱ͋Δดू߹͸ຒΊࠐ·Εͨ Lie෦෼܈Ͱ͋Δ.

(ྫ)ɾR2 ͷݪ఺Λ௨Δ௚ઢ L͸τʔϥε R2/Z2 ͷ Lie෦෼܈Ͱ͋Δ.
ɾಛघઢ܈ܗͱ௚ަ܈͸Ұൠઢ܈ܗͷຒΊࠐ·Εͨ෦෼ଟ༷ମͰ͋Δ.

♦ Lie܈ͷ Lie୅਺

Lie܈ Gʹ͓͚Δ g∈Gʹؔ͢Δࠨ৐๏ lg :G→G͸ඍ෼ಉ૬ࣸ૾Ͱ͋Δ͔Β, ඍ෼ (dlg)e :Te(G)→Tg(G)͸ಉ૾ࣸܕͰ͋Δ.
͕ͨͬͯ͠, ୯Ґݩʹ͓͚Δ઀ϕΫτϧۭؒͷੑ࣭͔Β೚ҙͷݩʹ͓͚Δ઀ϕΫτϧۭؒͷੑ࣭͕ఆ·Δ.

Lie্܈ͷϕΫτϧ৔ F :G→TGʹରͯ͠ࠨ৐๏ʹؔ͢Δԡ͠ग़͠ (dlg)(F ) :G→TG͕ఆٛ͞Ε, ͜Ε͕ࣗ਎ͱҰக͢ΔΑ͏ͳϕΫτϧ৔ΛࠨෆมϕΫτ
ϧ৔ (left constant vector field)ͱݺͿ.*58

͜͜Ͱ, F (g)=((dlg)(F ))(g)=(dlg)e(F (e))Ͱ͋Δ͔Β, .ରͯ͠૟͖ग़͢஋ͷΈͰఆ·ΔʹݩෆมϕΫτϧ৔͸୯Ґࠨ
,ʹٯ v∈Te(G)ʹରͯ͠ϕΫτϧ৔ F :G→TGΛ F (g)≡(dlg)e(v)Ͱߏ੒͢Δ͜ͱ͕Ͱ͖, ߹੒ؔ਺ͷඍ෼๏ΑΓ ((dlg)(F ))(gh)=(dlg)h(F (h))=
(dlg)h((dlh)e(v))=d(lg◦lh)e(v)=(dlgh)e(v)=F (gh) (h∈G)Ͱ͋Δ͔Β͜Ε͸ࠨෆมϕΫτϧ৔Ͱ͋Δ.
͜ΕΛ v∈Te(G)ʹΑͬͯੜ੒͞ΕΔࠨෆมϕΫτϧ৔ͱݺͿ.

G্ͷࠨෆมϕΫτϧ৔શମͷू߹ L(G)͸ࣗવͳԋࢉʹؔͯ͠ઢۭؒܗͰ͋Δ.
͜͜Ͱ, F ∈L(G)ʹରͯ͠ F (e)∈Te(G)Λ૟͖ग़͢ઢ૾ࣸܗͱ, v∈Te(G)ʹରͯͦ͠Ε͕ੜ੒͢ΔࠨෆมϕΫτϧ৔Λ૟͖ग़͢ઢ૾ࣸܗ͸૾ࣸٯʹ͍ޓͰ
͋Δ͔Β, L(G)ͱ Te(G)͸ಉܕͰ͋Δ.*59

͜͜Ͱ, Lie্܈ͷࠨෆมϕΫτϧ৔͸ C∞૾ࣸڃͰ͋Δ. ͕ͨͬͯ͠, L(G)͸ G্ͷ C∞ڃϕΫτϧ৔શମͷू߹ͷ෦෼ઢۭؒܗͰ͋Δ.

ҎԼΛຬͨ͢ԋࢉ [ , ] :V ×V →V ͕ఆٛ͞ΕͨK ্ͷઢۭؒܗ V ΛK ্ͷ Lie୅਺ (Lie algebra)ͱݺͿ.
1) ૒ઢੑܗ : [ax+by, z]=a[x, z]+b[y, z], [z, ax+by]=a[z, x]+b[z, y] 2) ަ୅ੑ : [x, y]=−[y, x]
3) Jacobi߃౳཯ : [x, [y, z]]+[y, [z, x]]+[z, [x, y]]=0 (x, y, z∈V, a, b∈K)

͜͜Ͱ, Lie୅਺ͷ෦෼ઢۭؒܗͰ͋Δ Lie୅਺Λ Lie෦෼୅਺ (Lie subalgebra)ͱݺͿ.*60

(ྫ)ɾLie܈ G্ͷࠨෆมϕΫτϧ৔શମͷू߹ L(G)ʹ͓͍ͯ Lieׅੵހ͸ดͨ͡ԋࢉͰ͋Δ͔Β, ͜Ε͸ G্ͷ C∞ڃϕΫτϧ৔શମͷू߹ͷ Lie෦
ɾ෼୅਺Ͱ͋Δ.*61

͜͜Ͱ, v, w∈Te(G)ʹରͯ͠ಉ૾ࣸܕ ϕ͕૟͖ग़͢ݩΛ V,W ∈L(G)ͱ͢Ε͹, [v, w]≡ϕ−1([V,W ])=[V,W ](e)Ͱఆٛ͞ΕΔ Lieׅੵހʹؔͯ͠ Te(G)
͸ Lie୅਺Ͱ͋Δ.
͜ΕΛ Lie܈ Gͷ Lie୅਺ (Lie algebra on Lie group)ͱݺͿ.*62

*53 ,ʹศརͰ͋ΔΑ͏ʹࡍΛଟ༷ମ্Ͱѻ͏࡞Ͱසൟʹѻ͏ૢ܈ ԋࢉͱݩٯΛͱΔࣸ૾͕ C∞૾ࣸڃͰ͋Δ͜ͱΛཁ੥͍ͯ͠Δ.
*54 ͪͳΈʹ, ܈ΛͱΔࣸ૾͕࿈ଓࣸ૾Ͱ͋Δ΋ͷΛҐ૬ݩٯͱࢉͰ͋ΔҐ૬ۭؒͰԋ܈ (topological group)ͱݺͿ.
*55 SLn(C)΋ಉ༷ʹࣔ͞ΕΔ.
*56 Lie܈Λର৅ͱ͢Ε͹ͦͷؒͷ४ಉ૾ࣸܕ͸ࣹͰ͋Δ͔Β, ͜ΕΒ͸ݍͰ͋Δ.
*57 Lie෦෼܈͸͸Ίࠐ·Εͨ෦෼ଟ༷ମͰ͋Δ͔Β, ૬ରҐ૬Λ΋ͭඞཁ͸ͳ͍.
*58 ͢ͳΘͪ, ෆมϕΫτϧ৔ࠨ G͸ͦΕࣗ਎ͱ lg(g∈G)ؔ܎ʹ͋Δ.
*59 ͢ͳΘͪ, Lie܈ʹ͓͍ͯ͸೚ҙͷݩͷ઀ϕΫτϧۭؒͷੑ࣭͕, .ෆมϕΫτϧ৔શମͷू߹͔Βఆ·Δࠨ
*60 ͢ͳΘͪ, Lie୅਺ͷ෦෼ઢۭؒܗͰԋ͕ࢉด͍ͯ͡Δ΋ͷͰ͋Δ.
*61 F ∈L(G)ͱ F ′∈L(G)͕ࣗ਎ͱ lg ,ΔͳΒ͹͋ʹ܎ؔ [F, F ′]΋ࣗ਎ͱ lg .Δ͜ͱʹ஫ҙ͞Ε͍ͨ͋ʹ܎ؔ
*62 Gͷ Lie୅਺͸͠͹͠͹ gͰॻ͔ΕΔ. (ͨͱ͑͹ޙड़͢ΔΑ͏ʹҰൠઢ܈ܗͷ Lie୅਺͸ gln(R)Ͱ͋Δ.)


